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Abstract

We investigate the complexity of satisfiability and push-
down model-checking of the extension of the logic CaRet
with the binary regular modality ‘Chop’. We present
automata-theoretic decision procedures based on a direct
and compositional construction, which for finite (resp., in-
finite) words require time of exponential height equal to the
nesting depth of chop modality plus one (resp., plus two).
Moreover, we provide lower bounds which match the upper
bounds for the case of finite words.

1. Introduction

The modality ‘Chop’ in linear temporal logic. In the liter-
ature some extensions of the linear temporal logic LTL [16],
with the same expressiveness as LTL, have been investigated
in order to support a compositional approach to the speci-
fication and verification of concurrent systems. These ex-
tensions enable modular and compositional reasoning about
sequential constructs as well as about concurrent ones. One
of the most important extensions of LTL is the addition of
the binary ‘chop’ modality [12, 17, 15], which allows to
‘chop’ away parts of the computation. Thus, this modal-
ity is useful in cases we want to see subruns inside a run
(e.g., sessions, or specific fragments) and state their tem-
poral specifications. Satisfiability for LTL + chop is non-
elementary [17], and the best known upper bound, obtained
by a semantic-tableau method, requires space of exponen-
tial height equal to the nesting depth of chop modality (the
existence of a matching lower bound on the exponential
height of this complexity is an open question).

The linear temporal logic CaRet. Model checking of LTL
specification w.r.t. pushdown systems has been shown to be
a useful tool for analysis of programs with recursive proce-
dures [4, 11, 10]. LTL, however, can specify only regular
properties, and properties which require either inspection
of the call-stack of a procedure, or matching of calls and
returns (such as correctness of procedures with respect to
pre and post conditions) are not regular. Recently, the lin-
ear temporal logic CaRet, a context–free extension of LTL

+ Past (obtained by adding non regular past and future ver-
sions of the standard LTL temporal modalities), has been
introduced [2] to allow the specification of such a class of
context-free requirements. Even though verifying context-
free properties of pushdown systems is in general undecid-
able, the pushdown model checking against CaRet is de-
cidable and EXPTIME-complete (the same complexity as
that of pushdown model checking against LTL [5]). In [3],
the class of nondeterministic visibly pushdown automata
(NVPA) is proposed as an automata theoretic generalization
of CaRet. NVPA are pushdown automata where the input
symbol determines when the automaton can push or pop,
and thus the stack depth at every position. The resulting
class of languages (visibly pushdown languages or VPL) is
closed under all boolean operations and problems such as
universality and inclusion that are undecidable for context–
free languages are EXPTIME–complete for VPL. Moreover,
NVPA have the same expressiveness as MSOµ [3], which ex-
tends the classical monadic second order logic (MSO) over
words with a binary matching predicate. The logic CaRet
is less expressive than NVPA and is easily expressible in the
first-order fragment FOµ of MSOµ. However, it is an open
question whether CaRet is FOµ-complete [1].

Our contribution. In this paper, we investigate the com-
plexity of satisfiability and pushdown model-checking of
the logic CaRet + Chop (C-CaRet) in terms of the nesting
depth of chop modality. For each h ≥ 1, let C-CaReth be
the fragment of C-CaRet consisting of formulas with chop
nesting depth at most h, and let h-EXPTIME be the class
of languages which can be decided in (deterministic) time
of exponential height h. We show the following results for
C-CaReth: (1) for finite words, the considered problems are
(h+1)-EXPTIME-complete, (2) for infinite words, the prob-
lems are in (h + 2)-EXPTIME and (h + 1)-EXPTIME-hard.

The upper bounds are obtained by an automata-theoretic
approach. For finite words, we propose a translation of
C-CaRet formulas into equivalent NVPA, while for infinite
words we exploit the class of alternating jump (finite–state)
automata (AJA) [6] which can be translated into equivalent
NVPA [6] with a single exponential-time blow-up. In both
cases, the construction is direct and compositional, and is
based on a non-trivial characterization of the satisfaction
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relation, for a given formula ϕ, in terms of sequences of
pairs of sets associated with ϕ (which generalize the clas-
sical notion of Hintikka-set of LTL) satisfying determined
requirements which can be checked by NVPA and AJA.

Finally, the lower bounds for C-CaReth are obtained by a
non-trivial reduction from the word problem of alternating
Turing machines operating in space of exponential height
h. A straightforward readaptation of these reductions lead
to h-EXPSPACE-hardness for satisfiability of LTL + Chop
formulas with chop nesting depth at most h.

Remark 1. C-CaRet can be easily translated into FOµ,
hence it captures a strict subclass of VPL. Moreover, by re-
sults in [7] it easily follows that C-CaRet is FOµ-complete.

Related work. In the literature, different extensions of the
logic CaRet, which are expressively complete for FOµ, have
been investigated. In particular, Alur et al. [1] propose two
extensions of CaRet. One of them is based on the notion of
a summary path that combines both regular and non-regular
next-modalities; for this logic, both satisfiability and push-
down model checking are shown to be EXPTIME-complete,
which is the same complexity as that of CaRet. The other
logic is an extension of CaRet with the non-regular unary
modality “within” W, which essentially evaluates a formula
on a subword corresponding to the computation fragment
associated with a single procedure (including nested proce-
dure calls). This logic is exponentially more succinct than
CaRet, and its satisfiability and pushdown model checking
are both 2EXPTIME-complete. An other extension of CaRet
has been studied in [7], where the extension is obtained
by adding the well-known unary regular modality “from
now on” [14, 13], which allows to model forgettable past.
Satisfiability and pushdown model checking for the result-
ing logic are shown to be 2EXPTIME-complete. Moreover,
CaRet + W can be linearly translated into this logic.

2. Preliminaries

Let N be the set of natural numbers.

Definition 1. For all n,h∈N, let Tower(n,h) be defined as:
Tower(n,0) = n and Tower(n,h+1) = 2Tower(n,h). For each
h≥ 0, exp[h] denotes the class of functions f : N→ N such
that for some constant c ≥ 1, f (n) = Tower(nc,h) for each
n. We denote by h-EXPTIME the class of languages decided
by exp[h]-time bounded deterministic Turing machines.

2.1. Visibly pushdown languages

A pushdown alphabet Σ is an alphabet which is par-
titioned in three disjoint finite alphabets Σc, Σr, and Σint ,
where Σc is a finite set of calls, Σr is a finite set of returns,
and Σint is a finite set of internal actions. For a word w

over Σ, |w| denotes the length of w (we set |w| = ∞ if w is
infinite), and for 0≤ i < |w|, w(i) is the ith symbol of w.

A nondeterministic visibly pushdown automaton (NVPA)
[3] is a pushdown automaton operating on words over a
pushdown alphabet which pushes onto the stack only when
it reads a call, pops the stack only at returns, and does not
use the stack on internal actions. Formally, a NVPA over
Σ = Σc ∪Σr ∪Σint is a tuple P = 〈Σ,Q,Q0,Γ,∆,F〉, where
Q is a finite set of states, Q0 ⊆Q is a set of initial states, Γ is
the finite stack alphabet, F ⊆ Q is a set of accepting states,
and ∆ = (Q×Σc×Q×Γ) ∪ (Q×Σr × (Γ∪{γ0})×Q)∪
(Q×Σint×Q) is the transition relation (where γ0 /∈ Γ is the
special stack bottom symbol).

A configuration of P is a pair (q,β), where q ∈ Q and
β ∈ Γ∗ · {γ0} is a stack content. A run of P over a word w
on Σ is a sequence of configurations r = (q0,β0)(q1,β1) . . .
of length |w|+1 such that β0 = γ0, q0 ∈Q0, and for each i <
|w|: [push] if w(i) ∈ Σc, then ∃B ∈ Γ such that βi+1 = B ·βi

and (qi,w(i),qi+1,B) ∈ ∆; [pop] if w(i) ∈ Σr, then ∃B ∈ Γ∪
{γ0} such that (qi,w(i),B,qi+1) ∈ ∆ and either βi = βi+1 =
B = γ0, or B �= γ0 and βi = B · βi+1; [internal] if w(i) ∈
Σint , then (qi,w(i),qi+1) ∈ ∆ and βi = βi+1. The run r is
accepting iff either w is finite and q|w| ∈ F , or w is infinite
and for infinitely many i≥ 0, qi ∈ F . The language L(P ) of
P is the set of words w over Σ such that there is an accepting
run of P over w. A language L of words over Σ is a visibly
pushdown language (VPL) if L = L(P ) for some NVPA P .

In order to model formal verification problems of push-
down systems M using finite specifications (such as NVPA)
denoting VPL languages, we choose a suitable pushdown al-
phabet Σ = Σc∪Σr ∪Σint , and associate a symbol in Σ with
each transition of M with the restriction that push transi-
tions are mapped to Σc, pop transitions are mapped to Σr,
and transitions that do not use the stack are mapped to Σint .
Note that M equipped with such a labelling is a NVPA where
all the states are accepting. The specification S describes an-
other VPL L(S) over Σ, and M is correct iff L(M) ⊆ L(S).

Given a class C of finite specifications S describing VPL
over a pushdown alphabet Σ, the pushdown model checking
problem against C -specifications for finite (resp., infinite)
words is to decide, given a pushdown system M over Σ and a
specification S in the class C , whether L(M)∩Σ∗ ⊆ L(S)∩
Σ∗ (resp., L(M)∩Σω ⊆ L(S)∩Σω).

2.2. The linear temporal logic C-CaRet

First, we recall the syntax and semantics of full CaRet [2].
Fix a pushdown alphabet Σ = Σc ∪Σr ∪Σint . For a word

w on Σ and i ≤ j < |w|, w[i, j] denotes the finite word
w(i)w(i+1) . . .w( j), and wi denotes the suffix of w starting
from position i. A finite word w is well-matched if induc-
tively or (1) w is empty, or (2) w = σw′, σ ∈ Σint and w′ is
well-matched, or (3) w = σcw′σrw′′, σc ∈ Σc, σr ∈ Σr, and
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w =
0 1 2 3 4 5 6 7 8 9 10

succ(c,w,7)

succ(a+,w,7)
succ(a+,w,1)� ��

c c i c i r r c i r i

i = internal action; c = call; r = return

w′ and w′′ are well-matched. CaRet is based on five differ-
ent notions of successor for a position i along a word w:

• The forward local successor of i along w, written
succ(+,w, i), is i + 1 if i + 1 < |w|, and it is ⊥ oth-
erwise (the symbol⊥ is for ‘undefined’).

• The backward local successor of i along w, written
succ(−,w, i), is i−1 if i > 0, and it is ⊥ otherwise.

• The forward abstract successor of i along w [2],
succ(a+,w, i). If w(i) ∈ Σc, succ(a+,w, i) is the match-
ing return position of i if any, i.e.: if there is j > i
s.t. w( j) ∈ Σr and w[i+ 1, j−1] is well-matched, then
succ(a+,w, i) = j (note that j is uniquely determined),
otherwise succ(a+,w, i) =⊥. If instead w(i) /∈ Σc, then
succ(a+,w, i) = i + 1 if i + 1 < |w| and w(i + 1) /∈ Σr,
and succ(a+,w, i) =⊥ otherwise.

• The backward abstract successor of i along w,
succ(a−,w, i). If w(i) ∈ Σr, then it points to the match-
ing call of i if any; otherwise, succ(a−,w, i) =⊥. If in-
stead w(i) /∈ Σr, then succ(a−,w, i) = i−1 if i−1 > 0
and w(i−1) /∈ Σc, and succ(a−,w, i) =⊥ otherwise.

• The caller of i along w [2], succ(c,w, i), points to the
last unmatched call of the prefix w[0,h] (where h =
i− 1 if i is a call position, and h = i otherwise), i.e.:
if there is j < i such that w( j) ∈ Σc and w[ j + 1,h]
is well–matched , then succ(c,w, i) = j (note that j is
uniquely determined), otherwise succ(c,w, i) =⊥.

For i < |w| and dir ∈ {+,−,a+,a−,c}, the dir-path of w
from i, is the maximal sequence of positions ν = j0, j1, . . .
s.t. j0 = i and jh = succ(dir,w, jh−1) for each 0 < h < |ν|.
Intuitively, the forward abstract paths and the backward ab-
stract paths (i.e., the a+-paths and a−-paths) capture the lo-
cal computation within a procedure removing computation
fragments corresponding to nested calls within the proce-
dure, while a caller path (i.e., a c-path) captures the content
of the call-stack of a procedure. For example, in the figure
above, the sequence of positions 4,3,1,0 is a caller path,
while the sequence 1,6,7,9,10 is a forward abstract path.

For each type of successor, CaRet provides the corre-
sponding versions of the usual ‘next’ (X) and ‘until’ (U )

operators of LTL. Formally, the syntax is defined as follows:

ϕ ::= � | σ | ¬ϕ | ϕ∧ϕ | Xdirϕ | ϕU dirϕ

where � denotes true, σ ∈ Σ, and dir ∈ {+,−,a+,a−,c}.
Note that X+ and U+ correspond to the usual ‘next’ and
‘until’ operators of LTL, while X− and U− are their past
counterparts. CaRet is interpreted on words w over Σ.
Given a formula ϕ and a position i in w, the satisfaction
relation (w, i) |= ϕ (which reads as “w satisfies ϕ at po-
sition i”) is inductively defined as follows, where dir ∈
{+,−,a+,a−,c} (we omit the rules for atomic actions in
Σ and boolean connectives which are standard):

• (w, i) |= Xdirϕ⇔ succ(dir,w, i) = j �=⊥ and (w, j) |= ϕ

• (w, i) |= ϕ1 Udirϕ2 ⇔ for the dir-path ν = j0, j1, . . . of
w starting from i, ∃n < |ν| such that (w, jn) |= ϕ2 and
∀0≤ h < n, (w, jh) |= ϕ1.

The logic C-CaRet extends CaRet with the binary regular
modality “Chop”, written C, whose semantics is given by

• (w, i) |= ϕ1Cϕ2⇔ ∃i≤ n < |w| such that (w[0,n], i) |=
ϕ1 and (wn,0) |= ϕ2.

Note that the future regular fragment of C-CaRet, ob-
tained by disallowing operators Xdir and Udir with dir ∈
{−,a+,a−,c}) corresponds to the logic LTL + C [12]. We
denote by L(ϕ) the language of words w over Σ s.t. (w,0) |=
ϕ. The satisfiability problem of C-CaRet for finite words
(resp., infinite words) is to decide whether L(ϕ)∩Σ∗ �= /0
(resp., L(ϕ)∩Σω �= /0) for a given formula ϕ.

For a C-CaRet formula ϕ, we denote by dC(ϕ) the nest-
ing depth of modality C in ϕ. Moreover, for each h ≥ 0,
C-CaReth denotes the C-CaRet-fragment consisting of for-
mulas ϕ s.t. dC(ϕ)≤ h, and future C-CaRet is the fragment
obtained by disallowing the backward temporal modalities.

2.3. Alternating jump automata (AJA)

Alternating jump (finite-state) automata (AJA) [6] oper-
ate on infinite words over a pushdown alphabet and cap-
ture exactly the class of VPL. AJA extend standard alternat-
ing finite–state automata by also allowing non-local moves:
on reading a matched-call σc, a copy of the automaton can
move (jump) in a single step to the matching-return of σc.

For a finite set X , Bp(X) denotes the set of positive
boolean formulas over X built from elements in X using
∨ and ∧ (we also allow the formulas true and false). A
subset Y of X satisfies θ ∈ Bp(X) iff the truth assignment
assigning true to the elements in Y and false to the ele-
ments of X \Y satisfies θ.
A generalized Büchi AJA is a tuple A = 〈Σ,Q,Q0,δ,F 〉,
where Σ is a pushdown alphabet, Q is a finite set of states,
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Q0⊆Q is the set of initial states, δ : Q×Σ→Bp({+,a+}×
Q×Q) is the transition function, and F = {F1, . . . ,Fk} is a
set of sets of accepting states. Intuitively, a target of a move
of A is encoded by a triple (dir,q,q′) ∈ {+,a+}×Q×Q,
meaning that a copy of A on reading the ith input symbol of
the given word w moves to position succ(dir,w, i) in state q
if succ(dir,w, i) �=⊥ , and to position i+ 1 in state q′ other-
wise. Formally, a run of A over an infinite word w ∈ Σω is a
N×Q-labeled tree r such that the root is labeled by (0,q0)
with q0 ∈ Q0 and for each node x with label (i,q) (describ-
ing a copy of A in state q which reads w(i)), there is a (pos-
sibly empty) set H = {(dir1,q′1,q

′′
1), . . . ,(dirm,q′m,q′′m)} ⊆

{+,a+}×Q×Q satisfying δ(q,w(i)) such that x has m chil-
dren x1, . . . ,xm, and for each 1 ≤ h ≤ m: xh has label (i +
1,q′′h) if succ(dirh,w, i) = ⊥, and label (succ(dirh,w, i),q′h)
otherwise. The run r is accepting if for each infinite path
x0x1 . . . in the tree and each accepting component F ∈ F ,
there are infinitely many i≥ 0 s.t. xi is labeled by some state
in F . The ω-language of A , Lω(A), is the set of w∈Σω such
that there is an accepting run r of A over w.

3. Decision Procedures for C-CaRet

In this section we solve satisfiability and pushdown
model-checking of C-CaRet by an automata-theoretic ap-
proach. For finite words, we propose a translation of
C-CaRet formulas into equivalent NVPA, while for infinite
words we exploit AJA. In both cases, the construction is di-
rect and compositional. In the rest of this section, first, we
give a non-trivial characterization of the satisfaction rela-
tion (w,0) |= ϕ, for a given formula ϕ, in terms of sequences
of pairs of sets associated with ϕ satisfying determined re-
quirements which can be checked by NVPA and AJA. Then,
we describe the translation into NVPA (for finite words) and
AJA (for infinite words) based on this characterization.

Fix a pushdown alphabet Σ. For a word w over Σ and
i < |w|, the next unmatched return of i in w, UM(w, i), is
defined as: if the caller of i is defined and has matching
return ir, then UM(w, i) = ir; otherwise, UM(w, i) =⊥.

In the following, we fix a C-CaRet formula ϕ. Essen-
tially, for each finite or infinite word w over Σ, we associate
to w sequences (of length |w|) π = (Ar

0,A0),(Ar
1,A1), . . . of

pairs of sets, where for each 0 ≤ i < |w|, Ai is an atom
and intuitively describes a maximal set of subformulas of
ϕ which can hold at position i along w, while Ar

i = /0 if
UM(w, i) = ⊥, and Ar

i = A j with j = UM(w, i) otherwise.
As for LTL, the notion of atom syntactically captures in par-
ticular the semantics of boolean connectives and the fix-
point characterization of the until modalities in terms of
the next modalities of the same type. Moreover, the no-
tion of atom also partially (and syntactically) captures the
semantics of chop modality. Since C-CaRet has also back-
ward modalities, the approach proposed here to handle the

chop modality is meaningfully different from that proposed
in [17] for LTL + Chop. The regular and non-regular next
requirements are captured locally requiring that consecu-
tive pairs (Ar

i ,Ai),(Ar
i+1,Ai+1) along the sequence π satisfy

determined syntactical constraints. For example, if w(i) is
a call, w(i + 1) is not a return, and UM(w, i + 1) �= ⊥, then
UM(w, i + 1) represents the matching return position of i
along w. Thus, we have to require that the forward-abstract-
next requirements in Ai are exactly the ones that hold in
Ar

i+1, and the backward-abstract-next requirements in Ar
i+1

are exactly the ones that hold in Ai. Finally, if w is infi-
nite, then the sequence π has to satisfy fairness non-local
additional conditions reflecting the liveness requirements in
forward until subformulas of ϕ, and the liveness require-
ments ψ1 in chop subformulas ψ1Cψ2 of ϕ. Now, we give
the technical details.

A formula ψ is said to be a first-level subformula of ϕ if
there is an occurrence of ψ in ϕ which is not in the scope of
a chop operator. The closure Cl(ϕ) of ϕ is the smallest set
containing�, Xdir� for each dir ∈ {+,−,a+,a−,c}, all the
first-level subformulas of ϕ, Xdir(ψ1 U dirψ2) for any first-
level subformula ψ1 Udirψ2 of ϕ, and the negations of all
these formulas (we identify ¬¬ψ with ψ). A simple atom A
is a subset of Cl(ϕ) such that

• A∩Σ is a singleton and � ∈ A;
• if ψ ∈ Cl(ϕ), then ψ ∈ A iff ¬ψ /∈ A;
• if ψ1∧ψ2 ∈ Cl(ϕ), then ψ1∧ψ2 ∈ A iff ψ1,ψ2 ∈ A;
• if ψ1 U dirψ2 ∈ Cl(ϕ), then ψ1 Udirψ2 ∈ A iff either ψ2 ∈

A or ψ1,X
dir(ψ1 Udirψ2) ∈ A;

• if Xdirψ ∈ A, then Xdir� ∈ A;
• if ¬X−� ∈ A, then ¬Xa−�,¬Xc� ∈ A;
• if ¬X+� ∈ A, then ¬Xa+� ∈ A.

where dir ∈ {+,−,a+,a−,c}. Intuitively, the set of for-
mulas in a simple atom of ϕ represents a maximal set of
first-level subformulas of ϕ that can consistently hold at a
position along a word over Σ. For each forward local un-
til formula ψ1 U+ψ2 ∈ Cl(ϕ), we introduce a new symbol
τψ2 associated with the liveness requirement ψ2 (whose in-
tuitive meaning will be given later), and denote by P(ϕ) the
set of these symbols.

Now, we define the set Atoms(ϕ) of atoms of ϕ by in-
duction on the chop nesting depth dC(ϕ): A ∈ Atoms(ϕ) iff
A⊆Cl(ϕ)∪P(ϕ)∪⋃

ψ1Cψ2∈Cl(ϕ)
⋃h=2

h=1(Atoms(ψh)∪{ /0})×
Atoms(ψh)× {ψ1Cψ2} × {h} × {YES,NO} and the fol-
lowing additional conditions hold for each subformula
ψ1Cψ2 ∈ Cl(ϕ):

1. A∩Cl(ϕ) is a simple atom;

2. if (Br,B,ψ1Cψ2,h, f ) ∈ A, then B∩Σ = A∩Σ, and if
either ¬X−� ∈ B or ¬X+� ∈ B, then Br = /0;

3. if (Br,B,ψ1Cψ2,2, f ) ∈ A and dir ∈ {+,a+}, then
Xdir� ∈ A iff Xdir� ∈ B;
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4. if (Br,B,ψ1Cψ2,1, f ) ∈ A, then for each dir ∈
{−,a−}, Xdir� ∈ A iff Xdir� ∈ B, and for each dir ∈
{+,a+}, if Xdir� ∈ B then Xdir� ∈ A ;

5. ψ1Cψ2 ∈ A iff ∃(Br,B,ψ1Cψ2,1,YES) ∈ A. ψ1 ∈ B;

6. ∃(Br,B,ψ1Cψ2,1,YES) ∈ A such that ¬X+� ∈ B iff
∃(Cr,C,ψ1Cψ2,2, f ) ∈ A such that ψ2,¬X−� ∈C;

7. ∃(Cr,C,ψ1Cψ2,2, f ) ∈ A such that ¬X−� ∈C.

Intuitively, the meaning of a tuple (Br,B,ψ1Cψ2,h, f ) ∈
A is as follows: if h = 1 and the current position is i, then
B describes the set of subformulas of ψ1 which hold at po-
sition i of a prefix wp of the given word w, and Br is the set
associated with UM(wp, i) if UM(wp, i) �= ⊥, and Br = /0
otherwise. Moreover, f = Y ES iff the suffix of w start-
ing from the last position of wp initially satisfies ψ2. If
instead h = 2 and the current position is i, then there is
j ≤ i, such that B describes the set of subformulas of ψ2

which hold at position i− j of wj, and Br is the set as-
sociated with UM(wj, i− j) (if any). Note that the value
of f is irrelevant if h = 2 (we introduce it only to have a
uniform notation). By construction it easily follows that
|Atoms(ϕ)|= Tower(|ϕ|,dC(ϕ)+ 1).

For A ∈ Atoms(ϕ), let σ(A) be the unique element in
A ∩ Σ, and let CallerFormϕ(A) = {Xcψ ∈ Cl(ϕ) | Xcψ ∈
A}. For atoms A and A′, the predicate AbsReqϕ(A,A′)
holds iff for all Xa+ψ,Xa−ψ′ ∈ Cl(ϕ), (Xa+ψ ∈ A⇔ ψ ∈
A′) and (Xa−ψ′ ∈ A′ ⇔ ψ′ ∈ A). Similarly, the predi-
cate LocReqϕ(A,A′) holds iff for all X+ψ,X−ψ′ ∈ Cl(ϕ)
(X+ψ ∈ A⇔ ψ ∈ A′), and (X−ψ′ ∈ A′ ⇔ ψ′ ∈ A).

Let Jumpϕ,Succϕ : Atoms(ϕ)→ 2Atoms(ϕ) be the func-
tions defined as follows:

• A′ ∈ Jumpϕ(A) iff CallerFormϕ(A) = CallerFormϕ(A′)
and AbsReqϕ(A,A′).

• A′ ∈ Succϕ(A) iff LocReqϕ(A,A′) and:

- Case either (σ(A) ∈ Σc and σ(A′) ∈ Σr) or (σ(A) /∈
Σc and σ(A′) /∈ Σr): A′ ∈ Jumpϕ(A);

- Case σ(A)∈ Σc and σ(A′) /∈ Σr: CallerFormϕ(A′) =
{Xcψ ∈ Cl(ϕ) | ψ ∈ A} and Xa−� /∈ A′;

- Case σ(A) /∈ Σc and σ(A′) ∈ Σr: Xa+� /∈ A, (Xc�∈
A iff Xa−� ∈ A′), and Xc� /∈ A′ if Xc� /∈ A.

Intuitively, Succϕ(A) is the set of atoms A′ containing
the first-level subformulas of ϕ which can hold at the next
position i+ 1 of the current position i. Moreover, assuming
that the forward abstract position j of i along the given word
is defined, Jumpϕ(A) gives the set of atoms containing the
first-level subformulas of ϕ which can hold at position j.

Now, we define by induction on dC(ϕ) the function
Jump Succϕ which maps each pair (Ar,A) ∈ (Atoms(ϕ)∪

{ /0})×Atoms(ϕ) to a set of pairs in (Atoms(ϕ)∪ { /0})×
Atoms(ϕ). Intuitively, if A is the atom associated with
the current position i of the given word w, and Ar is the
atom associated with UM(w, i) if UM(w, i) �= ⊥, and Ar =
/0 otherwise, then Jump Succϕ(Ar,A) contains that pairs
(A′r,A′) such that A′ is a atom associable to the next posi-
tion i + 1 and A′r is the corresponding atom associable to
UM(w, i + 1). Formally, (A′r,A′) ∈ Jump Succϕ(Ar,A) iff
A′ ∈ Succϕ(A) and the following is inductively satisfied:

1. ∀(Br,B,ψ1Cψ2,1, f ) ∈ A, Br = /0 if Ar = /0;

2. Case (σ(A) ∈ Σc and σ(A′) ∈ Σr) or (σ(A) /∈ Σc and
σ(A′) /∈ Σr): A′r = Ar and for each τψ ∈ P(ϕ), τψ ∈ A
iff either ψ ∈ A or τψ ∈ A′ where τψ = ψ if Ar = /0 and
σ(A) ∈ Σc, and τψ = τψ otherwise;

3. Case σ(A) /∈ Σc and σ(A′) ∈ Σr: A′r = Ar = /0 if
Xa−� /∈ A′, and Ar = A′ and for each τψ ∈ P(ϕ),
τψ ∈ A iff ψ ∈ A ∪ A′, otherwise. Moreover, if
(Br,B′r,ψ1Cψ2,h, f )∈ A′ and (B′r,B,ψ1Cψ2,h, f ) ∈ A,
then (Br,B′r) ∈ Jump Succψh

(B′r,B);

4. Case σ(A) ∈ Σc, σ(A′) /∈ Σr, Xa+� /∈ A: A′r = Ar = /0;

5. Case σ(A) ∈ Σc, σ(A′) /∈ Σr, and Xa+� ∈ A: A′r �=
/0, A′r ∈ Jumpϕ(A) and for each τψ ∈ P(ϕ), τψ ∈ A
iff or ψ ∈ A or (τψ ∈ A′ ∪ A′r and Ar �= /0) or (τψ ∈
A′ and Ar = /0). Also, ∀(Br,B′r,ψ1Cψ2,1, f ) ∈ A′r ,
∃(B′r,B′,ψ1Cψ2,1, f )∈A′ , ∃(Br,B,ψ1Cψ2,1, f )∈ A.
(B′r,B′) ∈ Jump Succψ1

(Br,B);

6. ∀(Br,B,ψ1Cψ2,h, f ) ∈ A such that X+� ∈ B,
∃(B′r,B′,ψ1Cψ2,h, f ) ∈ A′ such that (B′r,B′) ∈
Jump Succψh

(Br,B); moreover, if σ(A) ∈ Σc,
σ(A′) /∈Σr, and B′r �= /0, then (Br,B′r,ψ1Cψ2,h, f )∈A′r;

7. ∀(B′r,B′,ψ1Cψ2,1, f ) ∈ A′, ∃(Br,B,ψ1Cψ2,1, f ) ∈ A
such that (B′r,B′) ∈ Jump Succψ1

(Br,B); moreover,
if σ(A) ∈ Σc, σ(A′) /∈ Σr, and B′r �= /0, then
(Br,B′r,ψ1Cψ2,1, f ) ∈ A′r.

There are many subtleties in definition of Jump Succϕ
which cannot discussed here due to lack of space. Here, we
only give the intuitive meaning of the rules for the proposi-
tions τψ, where ψ1 U+ψ ∈ Cl(ϕ) for some ψ1: if the cur-
rent position i is a matched call with matching return j,
UM(w, i) = ⊥, and ( /0,A) is the pair associated with posi-
tion i, then τψ ∈ A iff ψ holds at some position in [i, j].

Given a word w over Σ, i ∈ N, and ĵ ∈ N∪ {∞} such
that i ≤ ĵ ≤ |w| − 1, a fulfilling (i, ĵ,ϕ)-sequence over
w is a sequence π = (Ar

i ,Ai),(Ar
i+1,Ai+1), . . . of pairs in

(Atoms(ϕ)∪{ /0})×Atoms(ϕ) of length ĵ− i+ 1 such that

• ¬X−�∈Ai if i = 0, and¬X+�∈A ĵ if ĵ = |w|−1∈N;

• for each i≤ l ≤ ĵ, σ(Al) = w(l);
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• for each i≤ l < ĵ, (Ar
l+1,Al+1)∈ Jump Succϕ(Ar

l ,Al);
• for all i≤ l, l′ ≤ ĵ, Ar

l = Ar
l′ if UM(w, l) = UM(w, l′);

• for each i≤ l ≤ ĵ, if UM(w, l) = l′ ≤ ĵ, then Ar
l = Al′ ;

• for each i≤ l ≤ ĵ, Ar
l = /0 if UM(w, l) =⊥.

A fulfilling (0, |w|−1,ϕ)-sequence over w is called sim-
ply fulfilling ϕ-sequence over w. A fulfilling ϕ-sequence
π = (Ar

0,A0),(Ar
1,A1), . . . over an infinite word w ∈ Σω is

fair if the following is inductively satisfied for each i≥ 0:

1. if (Cr,C,ψ1Cψ2,2, f ) ∈ Ai and ¬X−� ∈C, then there
is a fair fulfilling ψ2-sequence over wi from (Cr,C);

2. if (Br,B,ψ1Cψ2,1,Y ES) ∈ Ai and Ar
i = /0, then there

are m ≥ i, a fulfilling (i,m,ψ1)-sequence over w[0,m]
starting from (Br,B), and a fulfilling fair ψ2-sequence
(Cr,C), . . . over wm such that ψ2 ∈C;

3. if ψ1 Ua+
ψ2 ∈ Cl(ϕ) , then for infinitely many h ≥ 0,

Ar
h = /0 and {ψ2,¬(ψ1 Ua+

ψ2)}∩Ah �= /0;

4. if ψ1 U+ψ2 ∈ Cl(ϕ), then for infinitely many h ≥ 0,
Ar

h = /0, and or ψ2 ∈ Ah, or ¬(ψ1 U+ψ2) ∈ Ah, or

(τψ2 ,X
a+� ∈ Ah and σ(Ah) ∈ Σc).

The notion of fairness is used to capture recursively the
liveness requirements in forward until subformulas of ϕ
(Properties 1, 3, and 4 above), and the liveness requirements
ψ1 in chop subformulas ψ1Cψ2 of ϕ (Property 3 above). As
we will see, the AJA associated with ϕ guesses a fulfilling
ϕ-sequence π over the infinite input word and checks that
it is fair. The automaton keeps tracks by its finite control
of the current pair of π, and in particular, its ‘main’ copy
tracks an infinite path in the run which visits all and only
the nodes which are associated with the pairs (Ar,A) of π
such that Ar = /0. Thus, the acceptance condition of the AJA
(when interpreted on the main path) exactly reflects Prop-
erties 3 and 4 above. In particular, the propositions τψ2 are
used to guarantee that in case ψ1 U+ψ2 is asserted at a node
x of the main path and the liveness requirement ψ2 does not
hold along the suffix of the main path from x, then ψ2 holds
at some other position j ≥ i (i.e., there is a pair (Ar,A) with
Ar �= /0 of the guessed ϕ-sequence associated with position
j for some j ≥ i such that ψ2 ∈ A).

The proofs of the following results are given in [8].

Theorem 1 (Correctness). Let π = (Ar
0,A0),(Ar

1,A1) . . . be
a fair fulfilling ϕ-sequence on w which is fair if w is infinite.
Then, for all i < |w| and ψ ∈ Cl(ϕ), (w, i) |= ψ iff ψ ∈ Ai.

Theorem 2 (Completeness). For each word w over Σ, there
is a fulfilling ϕ-sequence over w, which is fair if w is infinite.

By Theorems 1 and 2 we obtain the following character-
ization of the satisfaction relation (w,0) |= ϕ.

Corollary 1. For each word w over Σ, (w,0) |= ϕ iff there
is a fulfilling ϕ-sequence π = (Ar

0,A0), . . . over w such that
ϕ ∈ A0 and π is fair if w is infinite (note that Ar

0 = /0).

Translation into NVPA and AJA For finite fords, the trans-
lation of C-CaRet formulas ϕ into equivalent NVPA Pϕ,
based on the result of Corollary 1 is simple. Essentially, for
a given input w, the NVPA Pϕ guesses (by its finite control)
a sequence π = (Ar

0,A0), . . . and by using the stack checks
that it is a fulfilling ϕ-sequence over w. Details are in [8].

Theorem 3. Let ϕ be a C-CaRet formula over Σ. Then, one
can construct a NVPA Pϕ of size O(Tower(|ϕ|,dC(ϕ)+ 1))
such that L(Pϕ)∩Σ∗ = L(ϕ)∩Σ∗.

For infinite words, we obtain the following result.

Theorem 4. Let ϕ be a C-CaRet formula over Σ. Then,
one can construct a generalized Büchi AJA Aϕ of size
O(Tower(|ϕ|,dC(ϕ)+ 1)) such that Lω(Aϕ) = L(ϕ)∩Σω.

Proof. We construct a generalized Büchi AJA Aϕ of
size O(Tower(|ϕ|,dC(ϕ) + 1)) with set of states Qϕ ⊃
(Atoms(ϕ)∪{ /0})×Atoms(ϕ) and initial states of the form
( /0,A) with ϕ,¬X−�∈A s.t. for each state of the form ( /0,A)
with ¬X−� ∈ A and infinite word w, Aϕ has an accepting
run over w from ( /0,A) iff there is a fair fulfilling ϕ-sequence
over w from ( /0,A). Hence, the result follows from Corol-
lary 1. The construction is given by induction on dC(ϕ).
Thus, we can assume that for each ψ1Cψ2 ∈ Cl(ϕ) (note
that if dC(ϕ) = 0, there is no such a formula), one can con-
struct the AJA Aψ2 associated with ψ2. Here, we describe
informally the main aspects of the AJA Aϕ (the formal def-
inition is given in [8]). Essentially, Aϕ guesses a fulfilling
ϕ-sequence over the input word w and checks that it is fair.

Assume that Aϕ starts the computation in a state of the
form ( /0,A) with ¬X−� ∈ A. Then, the first-level copy of
Aϕ behaves as follows. When a symbol w(i) is read in a
state ( /0,A) (where σ(A) = w(i)) and i is not a matched-
call position (note that Aϕ can check whether this condi-
tion is satisfied or not), then Aϕ guesses a pair ( /0,A′) ∈
Jump Succϕ( /0,A) and proceeds as follows. A copy (the
first-level copy) moves to the next input symbol in state
( /0,A′). Moreover, in order to check that Properties 1 and
2 in def. of fair fulfilling ϕ-sequence are satisfied, for each
(Cr,C,ψ1Cψ2,2, f ) ∈ A with ¬X−� ∈C (note that by def.
of atom Cr = /0), Aϕ starts an additional copy of the AJA Aψ2

in state (Cr,C), and for each (Br,B,ψ1Cψ2,1,Y ES)∈ A, Aϕ
starts a copy in a state of the form (Br,B,ψ1Cψ2,¬UM).
The behavior of this last copy will be explained later. Now,
assume that i is a matched-call position and w(i + 1) /∈ Σr

(the case w(i + 1) ∈ Σr is simpler). As above, Aϕ starts
additional copies to check Properties 1 and 2 in def. of
fair fulfilling ϕ-sequence. Moreover, Aϕ guesses a pair
(A′r,A′)∈ Jump Succϕ( /0,A). Assume that σ(A′) = w(i+1)
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(otherwise the input is rejected). Then, A′r �= /0 represents
the guessed atom associated with the matching return po-
sition ir of i. Thus, a copy (the first-level copy) jumps
to the matching-return ir of i in state ( /0,A′r) (note that
UM(w, i) = UM(w, ir) =⊥), and another copy moves to po-
sition i + 1 in state (A′r,A′). The goal of this last copy is
also to check that the guess A′r is correct. The behavior
of these auxiliary copies, which are in states of the form
(Ar,A) with Ar �= /0 is as follows. If the input symbol w(i)
is a call (note that i is a matched call-position) or (w(i) /∈ Σc

and w(i + 1) /∈ Σr), the behavior is similar to that of the
first-level copy. If instead, w(i) = σ(A) is not a call, and
w(i + 1) is a return, then Ar �= /0 is the guessed atom as-
sociated with w(i + 1). Thus, the considered copy termi-
nates with success its computation iff σ(Ar) = w(i+1) and
(A′r,Ar) ∈ Jump Succϕ(Ar,A) for some A′r (note that since
σ(A) /∈ Σc and σ(Ar) ∈ Σr, by def. of Jump Succϕ the ful-
filment of this condition is independent on the value of A′r).

Now, we describe the behavior of Aϕ in states of the form
(Br,B,ψ1Cψ2, f ), where f ∈ {STOP,UM,¬UM}. Assume
that the current symbol is w(i). Essentially, Aϕ guesses a
fulfilling (i,m,ψ1)-sequence ρ over w[0,m] starting form
(Br,B) for some m≥ i, and on reading w(m) starts an addi-
tion copy of the AJA Aψ2 in a state ( /0,C) s.t. ψ2,¬X−�∈C.
In order to check the existence of ρ, Aϕ proceeds similarly
to the first-level copy. The unique difference is that now
Br can be empty even if UM(w, i) �= ⊥. Thus, the flag f is
used to keep track if this last condition is satisfied or not. If
for example, w(i) is not a call, w(i + 1) ∈ Σr, Br = /0, and
f = UM (i.e., UM(w, i) �=⊥), then m must be equal to i.

Finally, the Büchi acceptance condition of Aϕ extends
the acceptance conditions of the AJAs Aψ2 with additional
sets used to check that the infinite sequence of states ( /0,A)
visited by the first-level copy of Aϕ (note that these states
correspond to the pairs (Ar,A) visited by the simulated ful-
filling ϕ-sequence over w such that Ar = /0) satisfies Proper-
ties 3 and 4 in def. of fair fulfilling ϕ-sequence.

For a pushdown system M and C-CaRet formula ϕ, check-
ing whether L(M)∩Σ∗ ⊆ L(ϕ)∩Σ∗ (resp., L(M)∩Σω ⊆
L(ϕ)∩Σω) reduces to check emptiness of L(M)∩L(P¬ϕ)∩
Σ∗ (resp., L(M)∩Lω(A¬ϕ)), where P¬ϕ (rep., A¬ϕ) is the
NVPA (resp., the AJA) of Theorem 3 (resp., Theorem 4) as-
sociated with ¬ϕ. By [3] (resp., [6]) this can be done in
time polynomial in the size of M and polynomial (resp.,
singly exponential) in the size of P¬ϕ (rep., A¬ϕ). Since
nonemptiness of NVPA (resp., AJA) is in in PTIME (resp.,
EXPTIME), by Theorems 3–4 we obtain the following.

Theorem 5. For each h ≥ 1, satisfiability and pushdown
model-checking of C-CaReth for finite (resp., infinite) words
are in (h + 1)-EXPTIME (resp., (h + 2)-EXPTIME).

4. Lower Bounds

In this section we show that for each h ≥ 0, satisfiabil-
ity and pushdown model-checking of C-CaReth for both
finite and infinite runs are (h + 1)-EXPTIME-hard (also
for future C-CaReth) by a reduction from the word prob-
lem for exp[h]–space bounded alternating Turing Machines.
It is well-known [9] that the class of all languages ac-
cepted by these machines coincides with (h+1)-EXPTIME.
Formally, an alternating Turing Machine is a tuple M =
〈A,Q,Q∀,Q∃,q0,δ,F〉, where A is the input alphabet, Q =
Q∀∪Q∃ is the finite set of states, q0 is the initial state, F ⊆Q
is the set of accepting states, and δ : Q×A→ (Q×A×{←
,→})× (Q×A×{←,→}) is the transition function.

Configurations of M are words in A∗ · (Q×A) ·A∗. A
configuration C = α · (q,a) ·α′ denotes that the tape con-
tent is α · a ·α′, the current state is q, and the reading head
is at position |α|+ 1. For the configuration C, we denote
by succl(C) and succr(C) the successors of C obtained by
choosing respectively the left and the right triple in δ(q,a).
C is accepting if the associated state q belongs to F . Given
an input α ∈ A∗, a (finite) computation tree of M over α
is a finite tree in which each node is labelled by a configu-
ration. The root of the tree corresponds to the initial con-
figuration associated with α. An internal node that corre-
sponds to a universal configuration (i.e., the associated state
is in Q∀) has two successors, corresponding to succl(C) and
succr(C), while an internal node that corresponds to an ex-
istential configuration (i.e., the associated state is in Q∃)
has a single successor, corresponding to either succl(C) or
succr(C). The tree is accepting if every leaf is labelled by
an accepting configuration. An input α ∈ Σ∗ is accepted by
M if there is an accepting computation tree of M over α.

Fix n ≥ 1, a finite alphabet Σ∪{0,1}, and a countable
set {$1,$2, . . .} of symbols non in Σ∪{0,1}. First, for each
h ≥ 1, we define by induction on h an encoding of the in-
tegers in [0,Tower(n,h)− 1] by words, called (h,n)-codes,
over {$1, . . . ,$h,0,1} of the form $hw$h, where w does not
contain occurrences of $h.

Base Step: h = 1. A (1,n)-block over Σ is a finite word
w over {$1,0,1}∪ Σ having the form w = $1σb1 . . .bn$1,
where σ ∈ Σ∪ {0,1} and b1, . . . ,bn ∈ {0,1}. The block-
content CON(w) of w is σ, and the block-number NUM(w)
of w is the natural number in [0,Tower(n,1)−1] (recall that
Tower(n,1) = 2n) whose binary code is b1 . . .bn.1 An (1,n)-
code is a (1,n)-block w such that CON(w) ∈ {0,1}
Induction Step: let h ≥ 1. A (h + 1,n)-block over Σ
is a finite word w on the alphabet {$1, . . . ,$h+1,0,1}∪ Σ
of the form w = $h+1σ$hw1$hw2$h . . .$hwK$h$h+1, where
σ ∈ {0,1} ∪ Σ, K = Tower(n,h) and for each 1 ≤ i ≤
K, $hwi$h is a (h,n)-code such that NUM($hwi$h) =

1we assume that b1 is the least significant bit
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i− 1. The block-content CON(w) of w is the symbol
σ, and the block-number NUM(w) of w is the natural
number in [0,Tower(n,h + 1)− 1] whose binary code is
CON($hw1$h) . . .CON($hwK$h). A (h + 1,n)-code is a
(h + 1,n)-block w such that CON(w) ∈ {0,1}.

For each h ≥ 1, a (h,n)-configuration over Σ is a finite
word w of the form w = $h+1$hw1$hw2$h . . .$hwK$h$h+1,
where K = Tower(n,h) and for each 1 ≤ i ≤ K, $hwi$h

is a (h,n)-block such that NUM($hwi$h) = i − 1 and
CON($hwi$h)∈ Σ. As we will see, (h,n)-configurations are
used to encode the configurations reachable by exp[h]-space
bounded alternating Turing machines on input of size n.

We will use the following result, whose proof is given in
[8]. For a word w, let w−1 be the reverse of w.

Proposition 1. For each h≥ 1, we can construct three LTL
+ C formulas ψcon f

h , ψ=
h , ψ=,R

h over {$1, . . . ,$h+1,0,1}∪
Σ of sizes O(n3 · h · |Σ|) such that dC(ψcon f

h ) = dC(ψ=
h ) =

dC(ψ=,R
h ) = h−1 and for each word w and 0≤ i < |w|,

• (w, i) |= ψcon f
h iff wi has a prefix that is a (h,n)-

configuration over Σ;

• if wi is finite and has the form w1w′w2 (resp.,
(w1)−1w′(w2)−1) such that w1 and w2 are (h,n)-blocks
over Σ, then (w, i) |= ψ=

h (resp., (w, i) |= ψ=,R
h ) iff

NUM(w1) = NUM(w2).

Now, we can prove the desired result.

Theorem 6. For each h≥ 0, the satisfiability and pushdown
model-checking problems of future C-CaReth for both finite
and infinite runs are (h + 1)-EXPTIME-hard.

Proof. We assume that h ≥ 1, since for h = 0, the re-
sult is well known [2, 3]. Moreover, we only examine
the case of infinite words (the other case being similar).
First, we consider the satisfiability problem. Let M =
〈A,Q,Q∀,Q∃,q0,δ,F〉 be an exp[h]–space bounded alter-
nating Turing Machine (TM), and let c ≥ 1 be a constant
such that for each α ∈ A∗, the space needed by M on input
α is bounded by Tower(|α|c,h). For α ∈ A∗, we construct
a future C-CaReth formula ϕM ,α over a pushdown alphabet
ΣP of size polynomial in n = |α|c and in the size of M , such
that M accepts α iff ϕM ,α is satisfiable.

Note that any reachable configuration of M over α can
be seen as a word α1 · (q,a) ·α2 in A∗ · (Q×A) ·A∗ of length
Tower(n,h). If α = a1 . . .ar (where r = |α|), then the ini-
tial configuration is the word of length Tower(n,h) given
by (q0,a1)a2 . . .ar## . . .#, where # is the blank symbol.

Let Σ = A∪ (Q×A) and Σ′ = Σ∪{0,1,$1, . . . ,$h+1}∪
{∃l,∃r,∀l ,∀r,end}. The pushdown alphabet ΣP is given by
ΣP = {c,r}×Σ′∪{null}, where null is a return and {c}×Σ′
(resp., {r}×Σ′) is a set of calls (resp., returns). Given a
word w over Σ′ and b∈ {c,r}, we denote by (b,w) the word

over ΣP given by (b,w(0))(b,w(1)) . . .. In the following for
a LTL + C formula φ over Σ′, [φ]c (resp., [φ]r) denotes the LTL
+ C formula over ΣP obtained by replacing each occurrence
of an action σ ∈ Σ′ in φ with (c,σ) (resp., (r,σ)).

Now, we describe the encoding of (finite) computation
trees of M over α. The code of a TM configuration C =
u1 . . .uTower(n,h) is the (n,h)-configuration over Σ given by
$h+1$hw1$h . . .$hwTower(n,h)$h$h+1, where for each 1 ≤ i≤
Tower(n,h), CON($hwi$h) = ui. The code of a computation
tree T of M over α is the infinite string over ΣP given by
wPT (null)ω, where wPT is a well-matched word defined as
follows. The tree T is traversed in depth-first order as fol-
lows: for each node x, we first visit the subtree associated
with the left child (if any), and successively, the subtree as-
sociated with the right child (if any). Note that each internal
node x is visited exactly twice: the first time is when we en-
ter the node x coming from its parent node (in case x is the
root, then x is the first node to be examined), and the second
time is when we reach x from its right child if it exists, and
from its left child otherwise. Moreover, we assume that also
each leaf is visited twice. When a node x with TM config-
uration C is visited for the first time, we write the subword
(c,d ·wC ·w′) (consisting of calls), where wC is the code of
C, w′ = end if x is a leaf-node, and w′ is empty otherwise,
d = ∃l if x is the root, and d is defined as follows other-
wise, where C′ is the configuration of the parent node of x
and b∈ {l,r}: d = ∃b if C = succb(C′) and C′ is existential,
and d = ∀b if C = succb(C′) and C′ is universal. Finally,
when we visit the node x for the last time, then we write the
subword (r,(d ·wC ·w′)−1) (consisting of returns).

Note that our encoding ensures that any subword (c,wC)
of wT , which encodes the first visit of a non-leaf node xC

with TM configuration C, is followed by a subword (c,wl)
which corresponds to the left child of xC in T if C is an
universal configuration, and the unique child of xC in T oth-
erwise. Also, if C is an universal configuration, then the
subword (r,w−1

R ) of w corresponding to the last visit of the
right child xR of xC in T is followed by the subword (r,w−1

C )
corresponding to the last visit of xC.

Thus, by using the formulas LTL + C formulas ψ=
h , ψ=,R

h ,

ψcon f
h of Proposition 1, whose chop nesting depth is h− 1,

it is easy to construct a future C-CaReth formula of polyno-
mial size which is (initially) satisfied by a word w over ΣP

iff w is the code of an accepting computation tree of M over
α. Essentially, ϕM ,α uses a CaRet formula (without chop)
to check that a computation tree T is traversed correctly,
the formula [ψcon f

h ]c to check that each TM configuration

in T is encoded correctly, and the formulas [ψ=,R
h ]r and

[ψ=
h ]c to check that T is faithful to the evolution of M . De-

tails of the construction are given in [8]. Pushdown model-
checking against future C-CaReth is also (h+1)-EXPTIME-
hard since satisfiability is linearly reducible to pushdown
model-checking by using a NVPA over Σ with a unique con-

3030



trol state and accepting the language Σω∪Σ∗.

5. Conclusions

In this paper, we have studied the complexity of satisfia-
bility and pushdown model-checking of the non-regular lin-
ear temporal logic C-CaRet. In particular, we have shown
that for the class of formulas with chop nesting depth at
most h, the problems are (h + 1)-EXPTIME-complete for
the case of finite words, and are in (h + 2)-EXPTIME and
(h + 1)-EXPTIME-hard for the case of infinite words. The
different upper bounds for the finite and infinite cases are
due to the different classes of automata (with the same
expressiveness) which have been exploited, namely Büchi
NVPA for finite words, and Büchi AJA for infinite words.
For both cases, the obtained automaton has size of expo-
nential height equal to the chop nesting depth (of the given
formula) plus one. However, while non-emptiness of NVPA
is in PTIME, non-emptiness of AJA is in general EXPTIME-
complete. The need to use AJA instead of NVPA for the
case of infinite words was due to our difficulty in capturing
‘parallel’ liveness requirements by using only nondetermin-
ism. In other terms, alternation seems necessary to capture
in a clean way the semantics of C-CaRet for the case of in-
finite words. However, we conjecture that non-emptiness
for the subclass of AJA associated with C-CaRet formulas
(see Theorem 4) is in PTIME (in particular, we conjecture
that such AJA can be translated into equivalent NVPA with
only a polynomial time blowup). The main reason is that in
each (minimal) accepting run of the AJA associated with a
given formula ϕ, there is exactly one infinite path (the ‘main
path’) whose nodes are labeled by atoms of ϕ, while each
other infinite path satisfies the following: the suffix starting
from the first node that is not on the main path only visits
nodes labeled by atoms of subformulas of ϕ whose chop
nesting depth is strictly less than that of ϕ.
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