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Abstract. We investigate verification problems for gap-order constraint systems
(GCS), an (infinitely-branching) abstract model of counter machines, in which
constraints (over Z) between the variables of the source state and the target state
of a transition are gap-order constraints (GC) [25]. GCS extend monotonicity
constraint systems [4], integral relation automata [10], and constraint automata in
[13]. First, we show that checking the existence of infinite runs in GCS satisfying
acceptance conditions à la Büchi (fairness problem) is decidable and PSPACE-
complete. Next, we consider a constrained branching-time logic, GCCTL∗, ob-
tained by enriching CTL∗ with GC, thus enabling expressive properties and sub-
suming the setting of [10]. We establish that, while model-checking GCS against
the universal fragment of GCCTL∗ is undecidable, model-checking against the
existential fragment, and satisfiability of both the universal and existential frag-
ments are instead decidable and PSPACE-complete (note that the two fragments
are not dual since GC are not closed under negation). Moreover, our results imply
PSPACE-completeness of the verification problems investigated and shown to be
decidable in [10], but for which no elementary upper bounds are known.

1 Introduction

Abstractions of Counter systems. Counter systems are a widely investigated complete
computational model, used for instance to model broadcast protocols [17] and programs
with pointer variables [6]. Though simple problems like reachability are already unde-
cidable for 2-counter Minsky machines [22], interesting abstractions of counter systems
have been studied, for which interesting classes of verification problems have been
shown to be decidable. Many of these abstractions are in fact restrictions: examples
include Petri nets [23], reversal-bounded counter machines [19], and flat counter sys-
tems [5, 11]. Genuine abstractions are obtained by approximating counting operations
by non-functional fragments of Presburger constraints between the variables of the cur-
rent state and the variables of the next state. Examples include the class of Monotonicity
Constraint Systems (MCS) [4] and its variants, like constraint automata in [13], and in-
tegral relation automata (IRA) [10], for which the (monotonicity) constraints (MC) are
boolean combinations of inequalities of the form u < v or u ≤ v, where u and v range
over variables or integer constants. MCS and their subclasses (namely, size-change
systems) have found important applications for automated termination proofs of func-
tional programs (see e.g. [4]). Richer classes of non-functional fragments of Presburger
constraints have been investigated, e.g. difference bound constraints [12], and their ex-
tension, namely octagon relations [8], where it is shown that the transitive closure of



a single constraint is Presburger definable (these results are useful for the verification
of safety properties of flat counter systems). Size-change systems extended with differ-
ence bound constraints over the natural number domain have been investigated in [3]:
there, the atomic difference constraints are of the form x − y′ ≥ c, where c is an inte-
ger constant, and y′ (resp., x) range over the variables of the target (resp., source) state.
Termination for this class of systems is shown to be undecidable. To regain decidability,
the authors consider a restriction, where at most one bound per target variable in each
transition is allowed.

Temporal logics with Presburger constraints. In order to specify behavioral proper-
ties of counter systems, standard temporal logics (like LTL or CTL∗) can be extended
by replacing atomic propositions with Presburger constraints, which usually refer to the
values of the (counter) variables at two consecutive states along a run. These enriched
temporal logics allow to specify properties of counter systems that go beyond simple
reachability. Hence, basic decision problems are generally undecidable. However, de-
cidability has been established for various interesting fragments. We focus on fragments
where the constraint language includes MC. For the linear-time setting, many decidable
fragments of full Presburger LTL have been obtained either by restricting the underlying
constraint language, see e.g. [13, 15], or by restricting the logical language, see e.g. [7,
11]. In particular, satisfiability and model checking (w.r.t. constraint automata) of stan-
dard LTL extended with MC are decidable and PSPACE-complete [13] (which matches
the complexity of LTL). For the branching-time setting, to the best of our knowledge,
very few decidability results are known. The extension of standard CTL∗ with MC, here
denoted by MCCTL∗, has been introduced in [10], where it is shown that model check-
ing IRA against its existential and universal fragments, E–MCCTL∗ and A–MCCTL∗,
is decidable (by contrast, model checking for full MCCTL∗ is undecidable, even for its
CTL-like fragment1). As done in [15], adding periodicity constraints and the ability for
a fixed k ≥ 1, to compare the variable values at states of a run at distance at most k, de-
cidability of the above problems is preserved [9]. However, no elementary upper bounds
for these problems are known [10, 9]. Moreover, it is shown in [14] that model check-
ing a subclass of flat counter machines w.r.t. full Presburger CTL∗ is decidable. In this
subclass of systems, counting acceleration over every cycle in the control graph is Pres-
burger definable. Thus, since the relation between the variables at the current and next
state is functional and the control graph is flat, Presburger definability can be extended
in a natural way to the set of states satisfying a given formula.

Our contribution. We investigate verification problems for an (infinitely-branching)
abstract model of counter machines, we call gap-order constraint systems (GCS), in
which constraints (over Z) between the variables of the source state and the target state
of a transition are (transitional) gap-order constraints (GC) [25]. These constraints are
positive boolean combinations of inequalities of the form u− v ≥ k, where u, v range
over variables and integer constants and k is a natural number. Thus, GC can express
simple relations on variables such as lower and upper bounds on the values of indi-
vidual variables; and equality, and gaps (minimal differences) between values of pairs
of variables. GC have been introduced in the field of constraint query languages (con-
straint Datalog) for deductive databases [25], and also have found applications in the

1 quantification over variables can be simulated by the path quantifiers of the logic
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analysis of safety properties for parameterized systems [1, 2] and for determining state
invariants in counter systems [18]. As pointed out in [2], using GC for expressing the
enabling conditions of transitions allow to handle a large class of protocols, where the
behavior depends on the relative ordering of values among variables, rather than the
actual values of these variables.

GCS strictly extend IRA (and its variants, namely, MCS and the constraint au-
tomata in [13]). This because GC extend MC and, differently from MC, are closed
under existential quantification (but not under negation).2 Moreover, the parameterized
systems investigated in [1, 2] correspond to the parameterized version of GCS, where
a system consists of an arbitrary number of processes which are instances of the same
GCS (additionally, transitions of a process can specify global conditions which check
the current local states and variables of all, or some of, other active processes). This
framework is useful to verify correctness regardless of the number of processes. How-
ever, basic decision problems like reachability for the parameterized version of GCS are
undecidable [1, 2]. Decidability of reachability can be regained for a restricted class of
parameterized systems in which processes have at most one integer local variable [1, 2].

Note that if we extend the constraint language of GCS by allowing either negation,
or constraints of the form u− v ≥ −k, with k ∈ N, then the resulting class of systems
can trivially emulate Minsky counter machines, leading to undecidable basic decision
problems.

Our results are as follows. First, we investigate the fairness problem for GCS
(which is crucial for the verification of liveness properties), that is checking the ex-
istence of infinite runs satisfying acceptance conditions à la Büchi. We show that this
problem is decidable and PSPACE-complete; moreover, for the given GCS, one can
compute a GC representation of the set of states from which there is a ‘fair’ infinite
run. Next, we address verification problems of GCS against a strict extension, denoted
by GCCTL∗, of the logic MCCTL∗ (given in complete positive normal form) [10] ob-
tained by adding transitional GC (we also allow existential quantification over variables
in the underlying constraint language). Note that while MCCTL∗ is closed under nega-
tion, its strict extension GCCTL∗ is not (if we allow negation, the resulting logic would
be undecidable also for small fragments). We show that while model-checking GCS
against the universal fragment A–GCCTL∗ of GCCTL∗ is undecidable, model check-
ing GCS against the existential fragment E–GCCTL∗ of GCCTL∗, and satisfiability of
both A–GCCTL∗ and E–GCCTL∗ are instead decidable and PSPACE-complete (which
matches the complexity of model checking and satisfiability for the existential and uni-
versal fragments of standard CTL∗ [21]). Note that E–GCCTL∗ and A–GCCTL∗ are
not dual. Moreover, for a given GCS S and E–GCCTL∗ formula ϕ, the set of states in
S satisfying ϕ is effectively GC representable.

Since E–GCCTL∗ subsumes E–MCCTL∗, and E–MCCTL∗ and A–MCCTL∗ are
dual, our results imply PSPACE-completeness for model-checking (w.r.t. IRA or GCS)
of both E–MCCTL∗ and A–MCCTL∗. Hence, in particular, we solve complexity issues
left open in [10] (see also [9]). Due to space reasons, many proofs are in Appendix.

2 Hence, GC are closed under composition which captures the reachability relation in GCS for
a fixed path in the control graph.
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2 Preliminaries

Let Z (resp., N) be the set of integers (resp., natural numbers). We fix a finite set Var =
{x1, . . . , xr} of variables, a finite set of constants Const ⊆ Z such that 0 ∈ Const, and
a fresh copy of Var, Var′ = {x′1, . . . , x′r}. For an arbitrary finite set of variables V , an
(integer) valuation over V is a mapping of the form ν : V → Z, assigning to each
variable in V an integer value. For V ′ ⊆ V , νV ′ denotes the restriction of ν to V ′. For
a valuation ν, by convention, we define ν(c) = c for all c ∈ Z.

Definition 1. [25] A gap-order constraint (GC) over V and Const is a conjunction ξ
of inequalities of the form u− v ≥ k, where u, v ∈ V ∪ Const and k ∈ N. W.l.o.g. we
assume that for all u, v ∈ V ∪ Const, there is at most one conjunct in ξ of the form
u− v ≥ k for some k. A valuation ν : V → Z satisfies ξ if for each conjunct u− v ≥ k
of ξ, ν(u)− ν(v) ≥ k. We denote by Sat(ξ) the set of such valuations.

Definition 2. [10] A (gap-order) monotonicity graph (MG) over V and Const is a di-
rected weighted graphGwith set of vertices V ∪Const and edges u k→v labeled by natu-

ral numbers k, and s.t.: if u k→v and u k′→v are edges ofG, then k = k′. The set Sat(G) of
solutions ofG is the set of valuations ν over V s.t. for each u k→v inG, ν(u)−ν(v) ≥ k.
GC and MG are equivalent formalisms since there is a trivial linear-time computable
bijection assigning to each GC ξ an MG G(ξ) such that Sat(G(ξ)) = Sat(ξ).3

The notation G |= u < v means that there is an edge in G from v to u with weight
k > 0. Moreover, G |= u ≤ v means that there is an edge of G from v to u, and
G |= u = v means G |= u ≤ v and G |= v ≤ u. Also, we write G |= u1 C1

. . .Cn−1 un to mean that G |= uiCi ui+1 for each 1 ≤ i < n, whereCi ∈ {<,≤,=}.
A transitional GC (resp., transitional MG) is a GC (resp., MG) over Var ∪ Var′ and
Const. For valuations ν, ν′ : Var→ Z, we denote by ν⊕ν′ the valuation over Var∪Var′

defined as follows: (ν ⊕ ν′)(xi) = ν(xi) and (ν ⊕ ν′)(x′i) = ν′(xi) for i = 1, . . . , r.

Definition 3. A gap-order constraint system (GCS) over Var and Const is a finite di-
rected labeled graph S such that each edge is labeled by a transitional GC. Q(S) de-
notes the set of vertices in S, called control points, and E(S) the set of edges.

For a finite path ℘ of a GCS S, s(℘) and t(℘) denote the source and target control
points of ℘. For a finite path ℘ and a path ℘′ such that t(℘) = s(℘′), the composition
of ℘ and ℘′, written ℘℘′, is defined as usual.
The semantics of a GCS S is given by an infinite directed graph [[S]] defined as:

– the vertices of [[S]], called states of S, are the pairs of the form (q, ν), where q is a
control point of S and ν : Var→ Z is a valuation over Var;

– there is an edge in [[S]] from (q, ν) to (q′, ν′) iff there is a (labeled) edge in S of the

form q
ξ→q′ such that ν ⊕ ν′ ∈ Sat(ξ). We say that the edge of [[S]] from (q, ν) to

(q′, ν′) is an instance of the edge q
ξ→q′ of S.

3 MG are called Positive Graphose Inequality Systems in [10]. A different constraint graph rep-
resentation of GC can be found in [25].
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A path of [[S]] is called a run of S. The length |℘| (resp., |π|) of a path ℘ (resp., run
π) of S is defined in the standard way. A non-null path of S is a path of S of non-null

length. Let ℘ = q0
ξ0→q1

ξ1→q2, . . . be a path of S . A run π of S is an instance of ℘ if π is
of the form π = (q0, ν0)→(q1, ν1)→(q2, ν2), . . . and for each i, (qi, νi)→(qi+1, νi+1)

is an instance of qi
ξi→qi+1. Given F ⊆ Q(S), an infinite run (q0, ν0)→(q1, ν1)→. . .

of S is fair w.r.t F if for infinitely many i ≥ 0, qi ∈ F .

Example 1. The figure depicts a GCS S consisting of a unique control point q and
two self-loops. Note that there is no infinite run since along any run, the pair (x1, x2)
decreases strictly w.r.t. the lexicographic order (over N×N). On the other hand, one can
easily check that for each state (q, ν)
with ν(x1) > 0 and ν(x2) ≥ 0, the
set of the lengths of the runs from
(q, ν) is unbounded.

���mq
S

x′1 < x1∧
x1 ≥ 0 ∧ x2 ≥ 0

x′1 = x1 ∧ x′2 < x2∧
x1 ≥ 0 ∧ x2 ≥ 0

U �

Convention: since we use MG representations to manipulate GC, we assume that the
edge-labels in GCS are transitional MG.

2.1 Properties of monotonicity graphs

We recall some basic operations on MG [10] which can be computed in polynomial
time. Furthermore, we define a sound and complete (w.r.t. satisfiability) approximation
scheme of MG and show that the basic operations preserve soundness and completeness
of this approximation. A different approximation scheme for GC can be found in [25].

A MG G is satisfiable if Sat(G) 6= ∅. Let G be a MG over V and Const. For
V ′ ⊆ V , the restriction of G to V ′, written GV ′ , is the MG given by the subgraph of G
whose set of vertices is V ′ ∪ Const. For all vertices u, v of G, we denote by pG(u, v)
the least upper bound (possibly ∞) of the weight sums on all paths in G from u to v
(we set pG(u, v) = −∞ if there is no such a path). The MG G is normalized iff: (1) for

all vertices u, v of G, if pG(u, v) > −∞, then pG(u, v) 6=∞ and u
pG(u,v)−→ v is an edge

of G, and (2) for all constants c1, c2 ∈ Const, pG(c1, c2) ≤ c1 − c2.

Proposition 1. [10] Let G be a MG over V and Const. Then:
1. If G is normalized and V ′ ⊆ V , then G is satisfiable and every solution of GV ′ can

be extended to a whole solution of G.
2. G is satisfiable⇔ G contains no loop with positive weight sum and for all c1, c2 ∈
Const, pG(c1, c2) ≤ c1 − c2 (this can be checked in polynomial time).

3. If G is satisfiable, then one can build in polynomial time an equivalent normalized
MG G (i.e., Sat(G) = Sat(G)), called the closure of G.

According to Proposition 1, for a satisfiable MG G, we denote by G the closure of
G. Moreover, for all unsatisfiable MG G over V and Const, we use a unique closure
corresponding to some MG Gnil over V and Const such that (Gnil)∅ is unsatisfiable
(recall that (Gnil)∅ denotes the MG given by the subgraph ofGnil whose set of vertices
is Const). Now, we recall some effective operations on MG. Let Var′′ = {x′′1 , . . . , x′′r}
be an additional copy of Var = {x1 . . . , xr}.
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Definition 4. [10] Let G be a MG on V and Const and G′ be a MG on V ′ and Const.
1. Projection: if V ′ ⊆ V , the projection of G over V ′ is the MG given by (G )V ′ .
2. Intersection: the intersection G

⊗
G′ of G and G′ is the MG over V ∪ V ′ and

Const defined as: u k→v is an edge of G
⊗
G′ iff either (1) u k→v is an edge of

G (resp., G′) and there is no edge from u to v in G′ (resp., G), or (2) k =

max({k′, k′′}), u k′→v is an edge of G and u k
′′

→v is an edge of G′.
3. Composition: assume that G and G′ are two transitional MG. Let G′′ be obtained

fromG′ by renaming any variable x′i into x′′i and xi into x′i. The compositionG•G′
of G and G′ is the transitional MG obtained from the projection of G

⊗
G′′ over

Var ∪ Var′′ by renaming any variable x′′i into x′i.

By Definition 4 and Proposition 1, we easily obtain the following known result [10],
which essentially asserts that MG (or, equivalently, GC) are closed under intersection
and existential quantification.

Proposition 2. Let G be a MG over V and Const and G′ be a MG over V ′ and Const.
1. Projection: ifG′ is the projection ofG over V ′, then for ν′ : V ′ → Z, ν′ ∈ Sat(G′)

iff ν′ = ν|V ′ for some ν ∈ Sat(G).
2. Intersection: for ν : V ∪ V ′ → Z, ν ∈ Sat(G

⊗
G′) iff ν|V ∈ Sat(G) and

ν|V ′ ∈ Sat(G′). Hence, for V = V ′, Sat(G
⊗
G′) = Sat(G) ∩ Sat(G′).

3. Composition: assume that G and G′ are transitional MG. Then, for all ν, ν′ :
Var → Z. ν ⊕ ν′ ∈ Sat(G • G′) iff ν ⊕ ν′′ ∈ Sat(G) and ν′′ ⊕ ν′ ∈ Sat(G′) for
some ν′′ : Var→ Z. Moreover, the composition operator • is associative.

Approximation scheme: let K stand for max({|c1− c2|+1 | c1, c2 ∈ Const}). Note
that K > 0. For each h ∈ N, let bhcK = h if h ≤ K, and bhcK = K otherwise.

Definition 5 (K-bounded MG). A MG is K-bounded iff for each of its edges u k→v,
k ≤ K. For a MG G over V and Const, bGcK denotes the K-bounded MG over V and

Const obtained from G by replacing each edge u k→v of G with the edge u
bkcK→ v.

The proofs of the following propositions are in Appendix A.1 and A.2, respectively.

Proposition 3. Let G be a MG over V and Const. Then, G is satisfiable iff bGcK is
satisfiable. Moreover, bGcK = b bGcK cK .

Proposition 4. For transitional MG G1 and G2, bG1 •G2cK = bbG1cK • bG2cKcK .

2.2 Results on the reachability relation in GCS

In this subsection, we give constructive results on the reachability relation in GCS.

Definition 6. A transitional MG G is said to be complete if:
– for all u, v ∈ Var∪Var′∪Const, G |= u ≤ v⇒G |= uCv for some C ∈ {<,=};
– for all u, v ∈ Var ∪ Const, either G |= u ≤ v or G |= v ≤ u;
– for all u, v ∈ Var′ ∪ Const, either G |= u ≤ v or G |= v ≤ u.
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A GCS S is complete iff each MG in S is complete. Fix a complete GCS S. For
a finite path ℘ of S, the reachability relation w.r.t. ℘, denoted by  ℘, is the binary
relation on the set of valuations over Var defined as: for all ν, ν′ : Var → Z, ν  ℘ ν′

iff there is a run of S from (s(℘), ν) to (t(℘), ν′) which is an instance of the path ℘.
For a transitional MG G, G characterizes the reachability relation  ℘ iff Sat(G) =
{ν⊕ν′ | ν  ℘ ν′}. We associate to each non-null finite path ℘ of S a transitional MG
G℘ and a transitional K-bounded MG Gbd℘ , defined by induction on ℘ as follows:

– ℘ = q
G→q′: G℘ = G and Gbd℘ = b G cK ;

– ℘ = ℘′℘′′, |℘′| > 0, and ℘′′ = q
G→q′:G℘ = G℘′ •G andGbd℘ = bGbd℘′ •bG cKcK .

Note that the composition operator preserves completeness, and for a transitional
MG G, G is complete iff bGcK is complete. Thus, by a straightforward induction on
the length of the path ℘ and by using Propositions 2 and 4, we obtain the following.

Proposition 5. For a non-null finite path ℘ of S, G℘ = G℘, and G℘ is complete and
characterizes the reachability relation ℘. Moreover, Gbd℘ = bG℘cK and is complete.

Let GKS = {(bG℘cK , s(℘), t(℘)) | ℘ is a non-null finite path and G℘ is satisfiable}.
Note that GKS is finite since the set of transitional K-bounded MG is finite. By Propo-
sition 5, GKS is exactly the set {(Gbd℘ , s(℘), t(℘)) | ℘ is a non-null finite path and Gbd℘
is satisfiable}. It follows that we can compute the set GKS by a simple transitive closure
procedure. In particular, we obtain the following result (a proof is in Appendix A.3).

Theorem 1. For a complete GCS S, each G ∈ GKS is complete, and the size of GKS is
bounded byO(|Q(S)|2 ·(K+2)(2|Var|+|Const|)2). Moreover, the set GKS can be computed
in time O(|E(S)| · |Q(S)|2 · (K + 2)(2|Var|+|Const|)2).

By [10] (see also [9]), for a GCS S, the reflexive transitive closure of the transition
relation of [[S]] is effectively GC definable (a similar result can be found in [25], where
it is shown that for Datalog queries with GC, there is a closed form evaluation). The GC
representation can be computed by a fixpoint iteration whose termination is guaranteed
by a suitable decidable well-quasi ordering defined over the set of transitional MG.
By an insight in the proof given in [10] (see also [9]), and applying the K-bounded
approximation scheme, we easily obtain the following. For details, see Appendix A.4.
Note that we are not able to give an upper bound on the cardinality of the set PS .

Theorem 2. One can compute a finite set PS of non-null finite paths of S such that:
for each non-null finite path ℘′ of S from q to q′, there is a path ℘ ∈ PS from q to q′ so
that bG℘′cK = bG℘cK , and ℘′ implies ℘.

3 Checking Fairness

For a GCS S and a set F of control points of S, we denote by InfS,F the set of states
of S from which there is an infinite run that is fair w.r.t. F . In this section, we show that
the problem of checking for a given GCS S and set F ⊆ Q(S), whether InfS,F 6= ∅
(fairness problem) is decidable and PSPACE-complete.
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First, we give additional definitions. Let S be a GCS. We denote by bScK the GCS

obtained from S by replacing each edge q G→q′ of S with the edge q
bGcK→ q′.

A set U of states of S is MG representable if there is a family {Gq}q∈Q(S) of finite
sets of MG over Var and Const such that

⋃
G∈Gq Sat(G) = {ν | (q, ν) ∈ U} for each

q ∈ Q(S). For a set G of MG, bGcK denotes the set of K-bounded MG given by
{bGcK | G ∈ G}. We extend the previous set operation to families of sets of MG in the
obvious way. For F ⊆ Q(S) and q ∈ Q(S), InfqS,F denotes the set of states in InfS,F
of the form (q, ν) for some valuation ν. Moreover, InfS stands for InfS,Q(S).
A MGG is weakly normalized if for all vertices u, v, pG(u, v) ≥ 0 (resp., pG(u, v) > 0)
implies G |= v ≤ u (resp., G |= v < u). Note that G is weakly normalized iff bGcK is
weakly normalized. A transitional MGG is (weakly) idempotent iff bG•GcK = bGcK .

3.1 Checking Fairness for simple GCS

In this section, we solve the fairness problem for a restricted class of GCS.

Definition 7 (Simple GCS). A (satisfiable) simple GCS is a GCS consisting of just

two edges of the form q0
G0→q and q G→q such that q0 6= q. Moreover, we require that

G0 •G is satisfiable, and G is complete, weakly normalized, and idempotent.

To present our results on simple GCS, we need additional definitions.

Definition 8 (Lower and upper variables). We denote by MAX (resp., MIN) the max-
imum (resp., minimum) of Const. For a transitional MG G and y ∈ V ar ∪ V ar′, y is a
lower (resp., upper) variable of G if G |= y < MIN (resp., G |= MAX < y). Moreover,
y is a bounded variable of G if G |= MIN ≤ y and G |= y ≤ MAX.

Definition 9. A transitional MG is balanced iff for all u, v ∈ Var ∪ Const and C ∈
{<,=}, G |= uC v iff G |= u′ C v′ (where for u ∈ Var ∪ Const, we write u′ to denote
the corresponding variable in Var′ if u ∈ Var, and u itself otherwise).

Fix a simple GCS S with edges q0
G0→q and q G→q. Since G is idempotent, by the

associativity of composition • and Proposition 4, we obtain that for each k ≥ 1, bG0 •
G • . . . •G︸ ︷︷ ︸

k times

cK = bG0 • GcK . Hence, G0 • G • . . . •G︸ ︷︷ ︸
k times

and G • . . . •G︸ ︷︷ ︸
k times

are satisfiable

for each k ≥ 1. Since G is complete, it follows that G is balanced as well. Moreover,
since G is satisfiable and complete, a variable y ∈ Var ∪ Var′ is either a lower variable,
or an upper variable, or a bounded variable ofG, where the “or” is exclusive. We denote
by L1, . . . , LN (resp., U1, . . . , UM ) the lower (resp., the upper) variables of G in Var,
and by B1, . . . , BH the bounded variables of G in Var. Hence, we can assume that

G |= L1 C2 . . .CN LN < B1 C′2 . . .C
′
H BH < U1 C′′2 . . .C

′′
M UM

where C2 . . .CN ,C′2 . . .C
′
H ,C

′′
2 . . .C

′′
M ∈ {<,=}. Since G is balanced it follows

that the lower variables (resp., upper variables) of G in Var′ are L′1, . . . , L′N (resp.,
U′1, . . . , U′M ), and the bounded variables of G in Var′ are B′1, . . . , B′H . Moreover,

G |= L′1 C2 . . .CN L′N < B′1 C
′
2 . . .C

′
H B′H < U′1 C

′′
2 . . .C

′′
M U′M

Now, we define a polynomial-time checkable condition on simple GCS.
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Definition 10 (termination condition). We say that G satisfies the termination condi-
tion iff one of the following holds:
lower variables: either G |= Li < L′i for some 1 ≤ i ≤ N ,

or G |= Li = L′i and G |= L′j < Lj for some 1 ≤ i < j ≤ N .
upper variables: either G |= U′i < Ui for some 1 ≤ i ≤M ,

or G |= Uj = U′j and G |= Ui < U′i for some 1 ≤ i < j ≤M .

Intuitively, the above condition asserts that either there is a lower (resp., upper) variable
of GVar whose value strictly increases (resp., decreases) along each run of S, or there
are two lower (resp., upper) variables of GVar such that their distance strictly decreases
along each run of S. Let T C be the class of simple GCS satisfying the termination
condition. By Definition 10, we easily obtain the following.

Proposition 6. If S ∈ T C, then InfS = ∅.

It remains to consider the case when S /∈ T C. We define two integers L and U as
follows: L is the smallest 1 ≤ i ≤ N such that G |= Li = L′i (if such an i does not
exist, we set L = N + 1). Finally, U is the greatest 1 ≤ i ≤M such that G |= Ui = U′i
(if such an i does not exist, we set U = 0). Note that 1 ≤ L ≤ N +1 and 0 ≤ U ≤M .
The set of unconstrained variables in V ar, written Unc, consists of the lower variables
Li such that 1 ≤ i < L and the upper variables Uj such that U < j ≤ M . We denote
by Unc′ the corresponding subset in Var′. Evidently, the following holds.

Lemma 1. For a valuation ν0 : Var → Z, the set of valuations {ν(Var\Unc) | (q, ν) is
reachable from (q, ν0) in [[S]]} is finite.

The proof of the following lemma is in Appendix B.1. Essentially, the result follows
from Lemma 1 and the following property (which is a consequence of the idempotence
of G): if S /∈ T C, then G 6|= U′i ≤ Uj and G 6|= Lh ≤ L′k for all upper variables
U′i, Uj and lower variables Lh, L′k in Unc ∪ Unc′. In other terms, along a run of S, the
unconstrained upper (resp., lower) variables can increase (resp., decrease) arbitrarily.

Lemma 2. Let S /∈ T C. Then, (q, ν0) ∈ InfS iff there is a finite run π of S from (q, ν0)
of the form π = (q, ν0) . . . (q, ν) . . . (q, ν

′)(q, ν′′) such that ν′′(Var\Unc) = ν(Var\Unc).

Now, we can prove the main result of this subsection.

Theorem 3. Let S /∈ T C. Then, InfS is MG representable and one can construct a
MG representation of InfS , written σ(S), such that: (1) bσ(S)cK can be computed in
polynomial time, and (2) bσ(S)cK = bσ(bScK)cK (bScK is simple and bScK /∈ T C).

Proof. By Theorem 2, one can compute a finite set P of non-null finite paths of S
from q to q such that for each non-null finite path ℘′ of S from q to q, there is a path
℘ ∈ P so that ℘′ implies ℘. Note that given ℘ ∈ P , the transitional MGG℘ (which
characterizes the reachability relation ℘) has the form G • . . . •G︸ ︷︷ ︸

k times

for some k ≥ 1.

Let G= be the transitional MG corresponding to the GC given by
∧
x∈Var\Unc x

′ = x,
and G = {G℘ • (G℘′

⊗
G=) | ℘, ℘′ ∈ P} ∪ {G℘

⊗
G= | ℘ ∈ P}. Then, σ(S) =

{Gq,Gq0}, where Gq and Gq0 are defined as follows:

9



Gq = {G′ | G′ is the projection of G′′ over Var for some G′′ ∈ G}
Gq0 = {G′ | G′ is the projection of G0 •G′′ over Var for some G′′ ∈ G}

Correctness of the construction easily follows from Lemma 2. The second part of the
theorem follows from Propositions 3–4, and the fact that for each ℘ ∈ P , bG℘cK =
bGcK (G is idempotent) and bG℘

⊗
G=cK = bbG℘cK

⊗
bG=cKcK (see Proposi-

tion 7 in Appendix A.2). For details, see Appendix B.2. ut

3.2 Checking fairness for unrestricted GCS

Fix a GCS S. For a non-null finite path ℘ of S such that s(℘) = t(℘) (i.e., ℘ is cyclic),
(℘)ω denotes the infinite path ℘℘ . . .. A infinite path ℘ of S of the form ℘ = ℘′(℘′′)ω

is said to be ultimately periodic. By using Theorem 2 and Ramsey’s Theorem (in its
infinite version) [24], we show the following result.

Theorem 4 (Characterization Theorem). Let S be a complete GCS, F ⊆ Q(S), and
PS be the finite set of non-null finite paths of S satisfying Theorem 2. Then, for each
state s, s ∈ InfS,F iff there is an infinite run of S starting from s which is an instance
of an ultimately periodic path ℘0 · (℘)ω such that ℘0, ℘ ∈ PS , s(℘) ∈ F , G℘0

•G℘ is
satisfiable, G℘ is idempotent, and G℘0

and G℘ are complete and normalized.

Proof. The left implication ⇐ is obvious. For the right implication ⇒, assume that
s ∈ InfS,F . Then, there is an infinite run π of S starting from s which visits infinitely
often states whose control points are in F . Moreover, there is an infinite path ℘∞ of S
such that π is an instance of ℘∞.

Let us consider the finite setPS of non-null finite paths of S satisfying the statement
of Theorem 2. For each ℘ ∈ PS from q to q′, we denote by [℘] the set of non-null finite
paths ℘′ of S from q to q′ such that ℘′ implies ℘, and bG℘′cK = bG℘cK . Let H
be the finite set given by H = {[℘] | ℘ ∈ PS}. For each non-null finite path ℘′ of S,
we associate to ℘′ a color given by some element [℘] ∈ H such that ℘′ ∈ [℘] (note that
such an element of H must exist). Let us consider the infinite path ℘∞. Then, there is
a control point q ∈ F such that ℘∞ is of the form ℘∞ = ℘0℘1℘2 . . ., where for each
i ≥ 1, ℘i is a non-null (cyclic) path from q to q. Let us consider the set of positive
natural numbers, and label each pair (i, j) of its elements with i < j with the color of
the subpath ℘i . . . ℘j of ℘∞. By Ramsey’s Theorem (in its infinite version)[24], there
is an infinite set I of positive natural numbers such that all the pairs (i, j) with i, j ∈ I
(and i < j) carry the same label in H , say [℘]. It follows that ℘∞ can be written
in the form ℘∞ = ℘′0℘

′
1℘
′
2 . . . such that |℘′0| > 0 and for all i ≥ 1, ℘′i ∈ [℘] and

℘′i℘
′
i+1 ∈ [℘]. Hence, in particular, bG℘′icK = bG℘cK and bG℘′i℘′i+1

cK = bG℘cK . By
Proposition 4 and associativity of •, we obtain that bG℘cK = bG℘ •G℘cK . Hence, G℘
is idempotent.

Let ℘′′0 ∈ PS such that ℘′0 ∈ [℘′′0 ]. Since π is an instance of ℘∞ = ℘′0℘
′
1 . . .,

and ℘′i ∈ [℘] for each i ≥ 1, it follows that there is an infinite run π′ starting from s
which is an instance of the ultimately periodic path ℘′′0(℘)

ω . Moreover, s(℘) = q ∈ F ,
℘′′0 , ℘ ∈ PS , G℘′′0 ·G℘ is satisfiable, G℘ is idempotent, and by Proposition 5, G℘′′0 and
G℘ are complete and normalized, which concludes. ut
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Theorem 5. Let S be a GCS and F ⊆ Q(S). Then, InfS,F is MG representable and
one can construct a MG representation of InfS,F , written σF (S), such that:

1. bσF (S)cK can be computed in time O(|E(S)| · |Q(S)|2 · (K + 2)(2|Var|+|Const|)2);
2. bσF (S)cK = bσF (bScK)cK;
3. given q ∈ Q(S) and a K-bounded MG G over Var, checking whether G is in the
q-component of bσF (S)cK can be done in polynomial space.

Sketched proof. (A detailed proof is in Appendix C.1). We assume that S is com-
plete (the general case easily follows). Let PS be the computable finite set of non-
null finite paths of S satisfying the statement of Theorem 2, and let FS be the finite
set of simple GCS constructed as follows: S ′ ∈ FS iff S ′ 6∈ T C and S ′ is a sim-

ple GCS consisting of two edges of the form (\, s(℘0))
G℘0→ t(℘0) and s(℘)

G℘→t(℘)
such that ℘0, ℘ ∈ PS and s(℘) = t(℘) ∈ F . By Theorem 3, for each S ′ ∈ FS
one can compute a MG representation GS′,in(S′) (resp., GbS′cK ,in(S′)) of Inf (\,in(S

′))
S′

(resp., Inf (\,in(S
′))

bS′cK ), where (\, in(S ′)) is the initial control point of S ′. Moreover,
bGS′,in(S′)cK = bGbS′cK ,in(S′)cK . Then, σF (S) is given by

σF (S) = {
⋃

{S′∈FS |in(S′)=q}

GS′,in(S′)}q∈Q(S)

.
By Theorems 2 and 4, and Proposition 6, σF (S) is a MG representation of InfS,F .

Thus, the first part of the theorem holds. Now, let us consider Properties 1–3. Here, we
focus on Property 1. Let FS,K be the set of simple GCS S ′ such that S ′ = bS ′′cK for
some S ′′ ∈ FS . Since bGS′,in(S′)cK = bGbS′cK ,in(S′)cK for each S ′ ∈ FS , we obtain

bσF (S)cK = {
⋃

{S′∈FS,K |in(S′)=q}

bGS′,in(S′)cK}q∈Q(S)

Since for each S ′ ∈ FS,K , bGS′,in(S′)cK can be computed in polynomial time in
the size of S ′ (Theorem 3), it suffices to show that FS,K can be computed in time
O(|E(S)| · |Q(S)|2 · (K + 2)(2|Var|+|Const|)2). This last condition holds since: (i) for
a GCS S ′, S ′ is simple iff bS ′cK is simple, (ii) for a simple GCS S ′′, S ′′ /∈ T C iff
bS ′′cK /∈ T C, (iii) by Theorem 2, the set {(bG℘cK , s(℘), t(℘)) | ℘ ∈ PS and bG℘cK
is satisfiable} coincides with the set GKS = {(bG℘cK , s(℘), t(℘)) | ℘ is a non-null finite
path of S and bG℘cK is satisfiable}, and (iv) by Theorem 1, the set GKS is computable
in time O(|E(S)| · |Q(S)|2 · (K + 2)(2|Var|+|Const|)2). Thus, Property 1 holds. ut

Corollary 1. The fairness problem is PSPACE-complete.

Proof. The upper bound easily follows from Property 3 in Theorem 5, and the fact
that for each set G of MG, G contains a satisfiable MG iff bGcK contains a satisfiable
MG. Moreover, PSPACE-hardness follows from PSPACE-hardness of non-termination
for Boolean Programs [20] and the fact that GCS subsume Boolean Programs. ut
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4 The constrained branching–time temporal logic (GCCTL∗)

We introduce the constrained branching–time temporal logic (GCCTL∗) and investi-
gate the related satisfiability and model checking problems. The logic GCCTL∗ is an
extension of standard logic CTL∗ [16], where the set of atomic propositions is replaced
with a subclass of Presburger constraints whose atomic formulas correspond to transi-
tional GC. Formally, for a set of variables V and a set of constants Const, the language
of constraints η, denoted by ∃GC, over V and Const is defined as follows:

η := u− v ≥ k | η ∨ η | η ∧ η | ∃x. η
where u, v ∈ V ∪ Const, k ∈ N, and x ∈ V . For a ∃GC constraint η and a valuation
ν : V → Z over V , the satisfaction relation v |= η is defined as follows (we omit the
standard clauses for conjunction and disjunction):

– ν |= u− v ≥ k def⇔ ν(u)− ν(v) ≥ k;
– ν |= ∃x. η def⇔ there is c ∈ Z such that ν[x← c] |= η.

where ν[x ← c](y) = ν(y) if y 6= x, and ν[x ← c](y) = c otherwise. Note that ∃GC
constraints are not closed under negation. Moreover, by Proposition 1(3) and Proposi-
tion 2(1) (see also [25]), GC are closed under existential quantification and quantifica-
tion elimination can be done in polynomial time.

Syntax and semantics of GCCTL∗: for the fixed set of variables Var and set of con-
stants Const, the state formulas ϕ and path formulas ψ of GCCTL∗ are defined as:

ϕ := > | ϕ ∨ ϕ | ϕ ∧ ϕ | A ϕ | E ϕ
ψ := ϕ | η | ψ ∨ ψ | ψ ∧ ψ | Oψ | �ψ | ψUψ

where > denotes “true”, E (“for some path”) and A (“for all paths”) are path quanti-
fiers, η is a ∃GC constraint over Var ∪ Var’ and Const, and O (“next”), U (“until”), and
� (“always”) are the usual linear temporal operators. Since ∃GC constraints are not
closed under negation, the logic is not closed under negation as well.4 The set of state
formulas ϕ forms the language GCCTL∗. We also consider the existential and universal
fragments E–GCCTL∗ and A–GCCTL∗ of GCCTL∗, obtained by disallowing the uni-
versal and existential path quantifiers, respectively. GCCTL∗ formulas are interpreted
over directed graphs G = 〈S,→, µ〉 augmented with a mapping µ assigning to each ver-
tex (or state) a valuation over Var. For an infinite path π = s0, s1, . . . of G, we denote
the suffix si, si+1, . . . of π by πi, and the i-th state of π by π(i). Let s ∈ S and π be a
infinite path of G. For a state (resp., path) formula ϕ (resp. ψ), the satisfaction relation
(G, s) |= ϕ (resp., (G, π) |= ψ), meaning that ϕ (resp., ψ) holds at state s (resp., holds
along π) in G, is defined as (we omit the clauses for conjunction and disjunction):

– (G, s) |= A ψ
def⇔ for each infinite path π from s, (G, π) |= ψ;

– (G, s) |= E ψ
def⇔ there exists an infinite path π from s such that (G, π) |= ψ;

– (G, π) |= ϕ
def⇔ (G, π(0)) |= ϕ;

– (G, π) |= η
def⇔ µ(π(0))⊕ µ(π(1)) |= η;

– (G, π) |= Oψ
def⇔ (G, π1) |= ψ;

4 If we allow negation, then the successor relation is definable and by [15], basic decision prob-
lems become undecidable.
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– (G, π) |= �ψ def⇔ for all i ≥ 0, (G, πi) |= ψ;
– (G, π) |= ψ1Uψ2

def⇔ there is i ≥ 0. (G, πi) |= ψ2 and for all j < i. (G, πj) |= ψ1.

Note that the dual until operator Ũ can be expressed in the logic since: ψ1Ũψ2 ≡ �ψ2∨(
ψ2U(ψ1 ∧ ψ2)

)
. A GCCTL∗ formula ξ is satisfiable iff (G, s) |= ϕ for some labeled

graph G and state s of G. The model checking problem of GCS against GCCTL∗ is
checking for a given GCS S, state s of S, and GCCTL∗ formulaϕ, whether (G(S), s) |=
ϕ, where G(S) is obtained from [[S]] by adding the mapping which assigns to each state
of S the associated valuation over Var. We denote by [[ϕ]]S the set of states s of S such
that (G(S), s) |= ϕ.

Example 2. Let us consider the requirement: “there is an infinite run from the given
state such that variables x and y behave like clocks with rates at least k and k′, respec-
tively”. This can be expressed by the E–GCCTL∗ formula

E�[((x′ = 0) ∨ (x′ − x) ≥ k) ∧ ((y′ = 0) ∨ (y′ − y) ≥ k′)

We can also use our framework to solve verification of non-local constraints (be-
tween variables at states arbitrarily far away from each other), which are not directly
expressible in GCCTL∗. As a relevant example, we consider unboundedness require-
ments on the values of a given variable along an infinite run. For each x ∈ Var, let us
denote by ξx a special atomic formula (unboundedness constraint) that hold along an
infinite run π iff the set of x-values along π is unbounded. Let E–GCCTL∗Unb be the
extension of E–GCCTL∗ with these constraints. By the following result (whose proof
is in Appendix D.1), it follows that model checking GCS against E–GCCTL∗Unb can
be reduced in polynomial time to model checking GCS against E–GCCTL∗.

Theorem 6. Let S be a GCS over Var and ϕ be a E–GCCTL∗Unb formula over Var.
Then, one can construct in polynomial-time an extension Varext of Var, a GCS Sext
over Varext, and a E–GCCTL∗ formula f(ϕ) over Varext such that: for each state s of
S, one can compute in linear-time a state sext of Sext so that

(G(S), s) |= ϕ if and only if (G(Sext), sext) |= f(ϕ)

Decision procedures. By [10], model checking GCS against GCCTL∗ is undecid-
able. It is straightforward to extend this negative result to model checking GCS against
A–GCCTL∗ (see Appendix D.2). In the following, we show that model checking GCS
against E–GCCTL∗, and satisfiability for E–GCCTL∗ and A–GCCTL∗ are instead
decidable and PSPACE-complete.

Theorem 7. Given a GCS S and a E–GCCTL∗ formula ϕ, [[ϕ]]S is MG representable
and one can construct a MG representation of [[ϕ]]S , written π(S, ϕ), such that: (1)
bπ(S, ϕ)cK can be built in timeO(|E(S)|·|Q(S)|2 ·2O(|ϕ|) ·(K+2)O((2|Var|+|Const|)2)),
and (2) for a K-bounded MG G on Var and q ∈ Q(S), checking whether G is in the
q-component of bπ(S, ϕ)cK can be done in space polynomial in the sizes of S and ϕ.

Sketched proof. (A detailed proof is in Appendix D.3). Fix a GCS S. For a (state)
E–GCCTL∗ formula ϕ, we construct π(S, ϕ) and prove Properties 1–2 by induction
on the structure of ϕ. Note that we can assume that each ∃GC constraint occurring in
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ϕ is a disjunction of transitional GC. The non-trivial case is when ϕ = E ψ for some
path formula ψ. Let X be the set of state formulas θ such that there is an occurrence of
θ in ψ which is not in the scope of E. By induction hypothesis, we can assume that the
result holds for each formula in X . By a generalization of the standard construction for
LTL model-checking, we show the following: one can build two GCS Sϕ and Sbdϕ with
set of control points Q(S)×Qϕ, where Qϕ = O(2|ϕ|), and two subsets Q0

ϕ ⊆ Qϕ and
F ⊆ Q(Sϕ) such that the following holds:
Claim 1: (q, ν) ∈ [[ϕ]]S iff ((q, q0), ν) ∈ InfSϕ,F for some q0 ∈ Q0

ϕ.

Claim 2: Sbdϕ can be built in timeO(|E(S)|·|Q(S)|2 ·2O(|ϕ|) ·(K+2)O((2|Var|+|Const|)2))

starting from S and {bπ(S, θ)cK | θ ∈ X}. Moreover, E(Sbdϕ ) has cardinality bounded
by |E(S)| · 2O(|ϕ|) · (K + 2)(2|Var|+|Const|)2 , and Sbdϕ = bSϕcK .

Let σF (Sϕ) be the computable MG representation of InfSϕ,F satisfying the state-
ment of Theorem 5. Then, for each q ∈ Q(S), the q-component of π(S, ϕ) is the union
of the (q, q0)-components of σF (Sϕ) such that q0 ∈ Q0

ϕ. By Claim 1, it follows that
π(S, ϕ) is a computable MG representation of [[ϕ]]S . For the remaining part of the theo-
rem, here, we focus on Property 1. By Claim 2, Sbdϕ = bSϕcK , hence, by Property 2 of
Theorem 5, bσF (Sϕ)cK = bσF (Sbdϕ )cK . Thus, since Q(Sbdϕ ) has cardinality bounded
by |Q(S)| · 2O(|ϕ|), by Property 1 of Theorem 5, and Claim 2, Property 1 follows. ut
Theorem 8. Model checking GCS against E–GCCTL∗ and satisfiability of E–GCCTL∗

and A–GCCTL∗ are PSPACE-complete.

Sketched proof. By Theorem 7, checking for a GCS S, control point q, and E–GCCTL∗

formula ϕ, whether (G(S), (q, ν)) |= ϕ for some valuation ν, is in PSPACE. By an easy
linear-time reduction to this last problem, the upper bound for model checking GCS
against E–GCCTL∗ follows. The upper bounds for satisfiability of E–GCCTL∗ and
A–GCCTL∗ easily follow by a linear-time reduction to the considered model checking
problem. For details see Appendix D. Finally, the lower bounds directly follow from
PSPACE-hardness of model checking and satisfiability for the existential and universal
fragments of standard CTL∗ (see, e.g., [21]). ut

5 Concluding remarks

We focus on the logic GCCTL∗. An intriguing question left open is the decidability
status for satisfiability of full GCCTL∗. Moreover, it would be interesting to investigate
extensions of GCCTL∗ which allow to compare variables at states arbitrarily far away
from each other. A possibility would be to permit atomic formulas of the form x−♦y ≥
k, or ♦y − x ≥ k, or x − �y ≥ k, or �y − x ≥ k (k ∈ N), where ♦y means “for
some future value of y” and �y means “for each future value of y”. Thus, for example,
x−�y ≥ 1 asserts that the future values of y remain below the current value of x. We
conjecture that with this extension, Theorem 8 still holds.
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Appendix

A Proofs from Section 2

A.1 Proof of Proposition 3

In order to prove Proposition 3, we recall [10] that the closure G of a satisfiable MG G
over V and Const is the normalized MG over V and Const defined as: for all vertices
u, v ∈ V ∪ Const, there is an edge u k→v in G iff pG(u, v) > −∞ and k = pG(u, v)
(note that since G is satisfiable, by Property 2 of Proposition 1, pG(u, v) 6=∞).

Proposition 3. Let G be a MG over V and Const. Then, G is satisfiable iff bGcK is
satisfiable. Moreover, bGcK = b bGcK cK .

Proof. By Property 2 of Proposition 1 and definition of K-bounded MG, it easily fol-
lows that G is satisfiable iff bGcK is satisfiable. It remains to show that bGcK =
b bGcK cK . If G is unsatisfiable, then bGcK is unsatisfiable as well. Hence, G and
bGcK have the same closure, and the result holds in this case, Now, assume that G is
satisfiable. From the first part of the proposition and Property 3 of Proposition 1, bGcK
and b bGcK cK are both satisfiable. Thus, by definition of K-bounded MG it suffices
to show the following:

Claim 1: for each edge u k→v ofG, there is an edge u k′→v of bGcK s.t. bkcK = bk′cK ;

Claim 2: for each edge u k→v of bGcK , there is an edge u k′→v ofG s.t. bkcK = bk′cK .

Proof of Claim 1: Let u k→v be an edge in G. Then, k = pG(u, v). Thus, there is a path
p of G from u to v whose weight sum is k. We distinguish two cases:

– p contains an edge of weight greater than or equal to K. Hence, k ≥ K. By defi-
nition of bGcK , there is a path of bGcK from u to v of weight sum greater than or

equal to K. It follows that there is an edge u k′→v of bGcK such that k′ ≥ K. Since
bkcK = bk′cK = K, in this case Claim 1 holds.

– p contains only edges of weight smaller than K. By definition of bGcK , p is also
a path of bGcK . Since pbGcK (u, v) ≤ pG(u, v) = k and the weight sum of p is k,

u
k→v must be also an edge of bGcK , and Claim 1 holds in this case as well. ut

Proof of Claim 2: Let u k→v be an edge in bGcK . By definitions ofK-bounded MG and

closure of a satisfiable MG, it follows that u k′→v is an edge ofG for some k′. Recall that
for a MG and vertices u and v, there is at most one edge from u to v. Thus, by Claim 1,
we obtain that bkcK = bk′cK = K, and Claim 2 follows. ut

A.2 Proof of Proposition 4

In order to prove Proposition 4, we need the following preliminary result.

Proposition 7. LetG1 be a MG over V and Const andG2 be a MG over V ′ and Const.
Then, bG1

⊗
G2cK = bbG1cK

⊗
bG2cKcK .
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Proof. By definition of K-bounded MG it suffices to show the following:

Claim 1: for each edge u k→v of G1

⊗
G2, there is an edge u k′→v of bG1cK

⊗
bG2cK

such that bkcK = bk′cK ;

Claim 2: for each edge u k→v of bG1cK
⊗
bG2cK , there is an edge u k′→v of G1

⊗
G2

such that bkcK = bk′cK .

Proof of Claim 1: Let u k→v be an edge in G1

⊗
G2. By Definition 4, there are three

cases:

– u
k→v is an edge of G1 and there is no edge from u to v in G2. It follows that

u
bkcK→ v is an edge of bG1cK and there is no edge from u to v in bG2cK . Hence,

u
bkcK→ v is an edge of bG1cK

⊗
bG2cK . Thus, in this case Claim 1 holds.

– u
k→v is an edge of G2 and there is no edge from u to v in G1. This case is similar

to the previous one.
– G1 has an edge u k1→v, G2 has an edge u k2→v, and k = max({k1, k2}). It follows

that there is an edge u k′→v of bG1cK
⊗
bG2cK with k′ = max({bk1cK , bk2cK}).

One can easily check that bmax({k1, k2})cK = bmax({bk1cK , bk2cK})cK . Thus,
Claim 1 holds in this case as well. ut

Proof of Claim 2: Let u k→v be an edge in bG1cK
⊗
bG2cK . Then, there must be an

edge of G1

⊗
G2 of the form u

k′→v for some k′. Recall that for a MG and its vertices
u and v, there is at most one edge from u to v. Thus, by Claim 1, we obtain that
bkcK = bk′cK = K, and Claim 2 follows. ut

Now, we can prove Proposition 4.

Proposition 4. For transitional MG G1 and G2, bG1 •G2cK = bbG1cK • bG2cKcK .

Proof. Let G′2 be obtained fromG2 by renaming any variable x′i into x′′i and xi into x′i.
By Definition 4, and definition of K-bounded MG, it suffices to show that:

Claim: b G1

⊗
G′2 cK = b bG1cK

⊗
bG′2cK cK

By Proposition 3, we obtain

b G1

⊗
G′2 cK = b bG1

⊗
G′2cK cK (1)

b bG1cK
⊗
bG′2cK cK = b bbG1cK

⊗
bG′2cKcK cK (2)

By Proposition 7 it holds that bG1

⊗
G′2cK = bbG1cK

⊗
bG′2cKcK . Thus, by Equal-

ities (1) and (2) above, the claim follows. ut

A.3 Proof of Theorem 1

Theorem 1. For a complete GCS S, each G ∈ GKS is complete, and the size of GKS is
bounded byO(|Q(S)|2 ·(K+2)(2|Var|+|Const|)2). Moreover, the set GKS can be computed
in time O(|E(S)| · |Q(S)|2 · (K + 2)(2|Var|+|Const|)2).
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Proof. An upper bound on the cardinality of the finite set of K-bounded transitional
MG is (K+2)(2|Var|+|Const|)2 , as each transitionalK-bounded MG has at most (2|Var|+
|Const|) vertices and for all vertices u and v, there is at most one edge from u to v, and
this edge has the form u

k→v, where k = 0, 1, . . . ,K. It follows that the cardinality of
GKS is bounded by |Q(S)|2 · (K+2)(2|Var|+|Const|)2 . By Proposition 5, GKS is exactly the
set {(Gbd℘ , s(℘), t(℘)) | ℘ is a non-null finite path and Gbd℘ is satisfiable}. It follows that
we can compute the set GKS by the following transitive closure procedure: initialize a

set B to {(bG cK , q, q′) | q
G→q′ is an edge of S and bGcK is satisfiable} and repeat the

following step until no more elements can be added to B (at this point B = GKS ): for

each (Gbd, q, q′) ∈ B and edge q′ G→q′′ of S include in B also bGbd • bGcKcK , unless
it is unsatisfiable. Hence, the result follows. ut

A.4 Proof of Theorem 2

In order to prove Theorem 2, we need additional preliminary results.
Recall that for a set S, a pre-order � over S is a reflexive and transitive (binary)

relation on S. The pre-order � is a partial order iff, additionally, y � z and z � y
imply y = z. Moreover, we say that � is a well quasi-ordering iff for every infinite
sequence y0, y1, y2, . . . of elements of S there exist indices i < j such that yi � yj .
Let � be a partial order on S. For a subset S′ ⊆ S, a basis of S′ (w.r.t. �) is a subset
B ⊆ S′ satisfying the following:

– for all y, z ∈ B, y � z implies y = z;
– for each y ∈ S′, there is z ∈ B such that z � y.

It is easy to show that if S′ is finite, then it admits a unique basis.

Definition 11 (Partial Order on transitional MG). We define a partial order � on
transitional MG such that G � G′ iff bGcK = bG′cK , and for each edge u k→v of G,

there is an edge in G′ of the form u
k′→v such that k′ ≥ k.

Proposition 8. Partial order � is a well quasi-ordering on the set of transitional MG.

Proof. Since the set of K-bounded transitional MG is finite, the result follows from
well-quasi ordering of the relation ≤h (for a fixed h ∈ N) defined over the set of h-
tuples of natural numbers as (n1, . . . , nh) ≤h (m1, . . . ,mh) iff ni ≤ mi for each
1 ≤ i ≤ h [23]. ut

Evidently, the following holds.

Proposition 9. Let G,G′, G′′ be transitional MG such that G � G′. Then, Sat(G′) ⊆
Sat(G) and Sat(G′ •G′′) ⊆ Sat(G •G′′).

For a finite set G of transitional MG,Min(G) denotes the unique basis of G w.r.t. the
partial order � on its elements (note that given G, Min(G) can be effectively com-
puted), and Sat(G) denotes the set

⋃
G∈G Sat(G). We also define a pre-order v over

finite sets of transitional MG as follows: G v G′ iff for each G′ ∈ G′ there is G ∈ G
such that G � G′. The following two Lemmata state some properties of v.
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Lemma 3. Given two finite sets G and G′ of transitional MG, the following holds:

1. if G ⊆ G′, then G′ v G;
2. if G v G′, then Sat(G′) ⊆ Sat(G);
3. G vMin(G) and Min(G) v G;
4. Sat(G) = Sat(Min(G));
5. if Min(G) vMin(G′) and Min(G′) vMin(G), then Min(G) =Min(G′).

Proof. Property 1 is obvious. Property 2 directly follows from the definition of the pre-
order v and Proposition 9. Now, let us consider Property 3. Since Min(G) ⊆ G, by
Property 1 we obtain that G vMin(G). Moreover, since Min(G) is the basis of G, for
any G ∈ G there is G′ ∈ Min(G) such that G′ � G. This means that Min(G) v G.
Therefore, Property 3 holds. Property 4 directly follows from Properties 2 and 3. Finally,
let us consider Property 5. We show that Min(G) ⊆ Min(G′) (the other inclusion can
be proved in the same way). Let G ∈ Min(G). Since Min(G′) v Min(G), there is
G′ ∈ Min(G′) such that G′ � G. Since Min(G) v Min(G′), there is G′′ ∈ Min(G)
such that G′′ � G′. Therefore, G,G′′ ∈ Min(G) and G′′ � G. Since Min(G) is a
basis, it follows that G = G′′. Therefore, G � G′ and G′ � G. Since � is a partial
order, we conclude that G = G′, hence, G ∈Min(G′). ut

Lemma 4. Let G1,G2, . . . be an infinite sequence of finite sets of transitional MG such
that Gi+1 v Gi for each i ≥ 1. Then, there is k ≥ 1 such that Gk v Gk+1.

Proof. Assume the contrary and derive a contradiction. Hence, Gi+1 v Gi and Gi 6v
Gi+1 for each i ≥ 1. Then, we deduce the following:

Claim: for each j > 1, there is Gj ∈ Gj such that for all i < j and G ∈ Gi, G 6� Gj .
By the claim above, we deduce the existence of an infinite sequence G1, G2, . . . of

transitional MG such that Gi 6� Gj for all 1 ≤ i < j. Since � is a well-quasi ordering
(Proposition 8), we obtain a contradiction, and the result follows.

Proof of the claim: assume the contrary and derive a contradiction. Then, there is
j > 1 such that for each Gj ∈ Gj , there is i < j and Gi ∈ Gi so that Gi � Gj . Since
Gj−1 v Gi for each i < j, it follows that for each Gj ∈ Gj , there is G ∈ Gj−1 so that
G � Gj . This means that Gj−1 v Gj , which is a contradiction. ut

We extend the composition operator • to sets G and G′ of transitional MG: G • G′ is
given by the set {G •G′ | G ∈ G, G′ ∈ G′}. Now, we can prove Theorem 2.

Theorem 2. One can compute a finite set PS of non-null finite paths of S such that:
for each non-null finite path ℘′ of S from q to q′, there is a path ℘ ∈ PS from q to q′ so
that bG℘′cK = bG℘cK , and ℘′ implies ℘.

Proof. For all q, q′ ∈ Q(S), let Gq,q′ = {G | q
G→q′ is an edge of S}. We inductively

define a family of finite sets of transitional MG Giq,q′ , where i ≥ 1 and q, q′ ∈ Q(S):

– G1q,q′ = {G | q
G→q′ is an edge of S};

– Gi+1
q,q′ =Min({Giq,q′′ • Gq′′,q′ | q′′ ∈ Q(S)} ∪ Giq,q′).
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Note that each Giq,q′ can be effectively built. Moreover, by construction and Proposi-
tion 5, for each G ∈ Giq,q′ , there is a non-null path of S from q to q′ of length at most
i, denoted by ℘G, such that G characterizes the reachability relation ℘G

. Moreover,
G = G℘G

. Now, we prove two claims.

Claim 1 Let ℘ be a non-null finite path of S from q to q′. Then, for i = |℘|, there is
G ∈ Giq,q′ such that bG℘cK = bGcK and ℘ implies ℘G

.
Claim 2 The sequence G1q,q′ ,G2q,q′ , . . . stabilizes after a finite number of steps, i.e. there

is k0 > 1 such that Giq,q′ = G
k0
q,q′ for all i ≥ k0 and q, q′ ∈ Q(S). Moreover, k0 can

be effectively computed.

Proof of Claim 1: By induction on the length of ℘. For the base step, it suffices to
observe that by construction for each finite path ℘ from q to q′ of length 1, there is
G ∈ G1q,q′ such that ℘G = ℘. Now, assume that |℘| = i + 1 with i ≥ 1. Then, ℘ can
be written in the form ℘ = ℘′℘′′ such that for some q′′ ∈ Q(S), ℘′ is a path of length
i from q to q′′ and ℘′′ is a path of length 1 from q′′ to q′. Let G′′ be the MG labeling
℘′′. Then, G′′ ∈ Gq′′,q′ , and by induction hypothesis, there is G′ ∈ Giq,q′′ such that
 ℘′ implies  ℘G′ , and bG℘′cK = bG′cK . It follows that  ℘ implies  ℘G′℘

′′ and
G′ •G′′ (resp., G℘′ •G′′) characterizes the reachability relation ℘G′℘

′′ (resp., ℘).
Moreover, bG℘cK = bG℘′ •G′′cK = bbG℘′cK • bG′′cKcK = bbG′cK • bG′′cKcK =
bG′ •G′′cK . Furthermore, by construction, there is G ∈ Gi+1

q,q′ such that G � G′ •G′′,
hence bGcK = bG′ • G′′cK . It follows that bGcK = bG℘cK , and  ℘G′℘

′′ implies
 ℘G

. Hence, ℘ implies ℘G
, which concludes. ut

Proof of Claim 2: First, we prove the following properties:

1. Gi+1
q,q′ v Giq,q′ for each i ≥ 1;

2. if Giq,q′ = G
i+1
q,q′ for all q, q′ ∈ Q(S), then Gjq,q′ = Giq,q′ for all j ≥ i;

3. there is k ≥ 1 such that Gkq,q′ v G
k+1
q,q′ for all q, q′ ∈ Q(S).

Property 1 directly follows from construction and Properties 1 and 3 of Lemma 3. Prop-
erty 2 directly follows from construction. Now, we prove Property 3. Assume on the
contrary that Property 3 does not hold and derive a contradiction. Since the set Q(S) is
finite, we deduce that there are q, q′ ∈ Q(S) such that the set Iq,q′ = {i > 1 | Giq,q′ 6v
Gi+1
q,q′ } is infinite. By Property 1, it follows that there is an infinite chain

Gi1q,q′ w G
i2
q,q′ w . . . w G

im
q,q′ w . . .

such that i1 < i2 < . . . < im < . . . are elements of Iq,q′ and Gijq,q′ 6v G
ij+1

q,q′ for each
j ≥ 1. By Lemma 4, we obtain a contradiction. Thus, Property 3 holds. By Properties 1,
2 and 3, and Property 5 of Lemma 3, we deduce that it is defined the smallest k0 > 1
such that Gk0q,q′ = G

k0+1
q,q′ (note that such a k0 can be computed). Moreover, it holds that

Giq,q′ = G
k0
q,q′ for all i ≥ k0 and q, q′ ∈ Q(S). Thus, Claim 2 holds. ut

Let k0 > 1 as in Claim 2 and let PS be the computable finite set of non-null finite
paths of S given by PS = {℘G | G ∈ Giq,q′ for some i ≤ k0 and q, q′ ∈ Q(S)}. By
Claims 1 and 2, it follows that for each non-null finite path ℘′ of S from q to q′, there is
a path ℘ ∈ PS from q to q′ such that bG℘′cK = bG℘cK , and ℘′ implies ℘. Hence,
the theorem follows. ut
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B Proofs from Subsection 3.1

B.1 Proof of Lemma 2

We need some additional definitions and preliminary results. Recall that the fixed tran-
sitional MG G labeling the self-loop of the fixed simple GCS S is complete, balanced,
idempotent, satisfiable, and weakly normalized. Let L, U , and Unc as defined in Sub-
section 3.1. First, we give two technical lemmata, fundamental to understand the “inter-
action” between the variables in Var and those in Var′ for the fixed transitional MG G.

Lemma 5 (lower variables). Let 1 ≤ i < j ≤ N . Then, the following holds:

1. if G |= L′i ≤ Lj , then either G |= L′j ≤ Lj or G |= L′i ≤ Lj−1;
2. if G |= Li ≤ L′j , then either G |= Lj ≤ L′j or G |= Li ≤ L′j−1.

Proof. First, we prove Condition 1. Assume that G |= L′i ≤ Lj (where i < j). Then,
since G is idempotent, G • G |= L′i ≤ Lj . Hence, there is u ∈ Var ∪ Const such that
G |= u′ ≤ Lj and G |= L′i ≤ u.5 Since G |= u′ ≤ Lj , we deduce that u is a lower
variable, hence u = Lh for some h = 1, . . . , N . There are two cases:

– h ≥ j. Since G |= L′h ≤ Lj and G |= L′j ≤ L′h, we obtain that G |= L′j ≤ Lj . Thus,
in this case Condition 1 holds.

– h < j. Since G |= L′i ≤ Lh and G |= Lh ≤ Lj−1, we obtain that G |= L′i ≤ Lj−1.
Thus, Condition 1 holds in this case as well.

This concludes the proof of Condition 1. Now, we prove Condition 2. Assume that
G |= Li ≤ L′j (where i < j). Since G is idempotent, G • G |= Li ≤ L′j . Hence, there
is u ∈ Var ∪ Const such that G |= Li ≤ u′ and G |= u ≤ L′j . Since G |= u ≤ L′j , we
deduce that u is a lower variable, hence u = Lh for some h = 1, . . . , N . There are two
cases:

– h ≥ j. Since G |= Lh ≤ L′j and G |= Lj ≤ Lh, we obtain that G |= Lj ≤ L′j . Thus,
in this case Condition 2 holds.

– h < j. Since G |= Li ≤ L′h and G |= L′h ≤ L′j−1, we obtain that G |= Li ≤ L′j−1.
Thus, Condition 2 holds in this case as well.

This concludes the proof Condition 2, and we are done. ut

Symmetric results hold for the upper variables (the proof is very similar to that of
Lemma 5 and we omit it).

Lemma 6 (upper variables). Let 1 ≤ i < j ≤M . Then, the following holds:

1. if G |= U′i ≤ Uj , then either G |= U′j ≤ Uj or G |= U′i ≤ Uj−1;
2. if G |= Ui ≤ U′j , then either G |= Uj ≤ U′j or G |= Ui ≤ U′j−1.

Lemma 7. Assume that S /∈ T C. Then, the following holds:

Lower Variables: for all 1 ≤ i, j < L, G 6|= Li ≤ L′j;

5 where u′ denotes the corresponding variable in Var′ if u ∈ Var, and u itself otherwise.
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Upper Variables: for all U < i, j ≤M , G 6|= U′i ≤ Uj;

Proof. Lower Variables. Assume that the result does not hold and derive a contradic-
tion. Then, there are 1 ≤ i, j < L such that G |= Li ≤ L′j . There are two cases:

– j ≤ i: since G |= L′j ≤ L′i and G |= Li ≤ L′j , it follows that G |= Li ≤ L′i.
– j > i: since G |= Li ≤ L′j , by applying repeatedly Condition 2 of Lemma 5, it

follows that there is i ≤ h ≤ j such that G |= Lh ≤ L′h.

Thus, in both cases we obtain that G |= Lk ≤ L′k for some k < L. Since G is complete,
it follows thatG |= LkCL′k for someC ∈ {=, <}, which is a contradiction by definition
of L and the fact that S /∈ T C. Hence, the result follows.

Upper Variables. Assume that the result does not hold and derive a contradiction. Then,
there are U < i, j,≤M such that G |= U′i ≤ Uj . There are two cases:

– j ≤ i: since G |= U′j ≤ U′i and G |= U′i ≤ Uj , it follows that G |= U′j ≤ Uj .
– j > i: since G |= U′i ≤ Uj , by applying repeatedly Condition 1 of Lemma 6, it

follows that there is i ≤ h ≤ j so that G |= U′h ≤ Uh.

Thus, in both cases we obtain that G |= U′k ≤ Uk for some U < k ≤ M . Since G is
complete, it follows that G |= U′k C Uk for some C ∈ {=, <}, which is a contradiction
by definition of U and the fact that S /∈ T C. Hence, the result follows. ut

Now, we define a partial order�G (depending on the MGG) on the set of valuations
over Var as follows: ν′ �G ν iff the following properties are satisfied:

– for each Bi ∈ B, ν′(Bi) = ν(Bi) (B is the set of bounded variables of G in Var);
– for all u, v ∈ Var ∪ Const and C ∈ {<,=}, ν(u)C ν(v) iff ν′(u)C ν′(v);
– for all u, v ∈ Var ∪ Const, if ν(u)− ν(v) ≥ 0, then ν′(u)− ν′(v) ≥ ν(u)− ν(v).

Lemma 8 (Simulation lemma). Let ν1⊕ ν2 ∈ Sat(G) and ν′1 �G ν1. Then, ν′1⊕ ν′2 ∈
Sat(G) for some valuation ν′2 over Var such that ν′2 �G ν2.

Proof. By definition of�G, ν′1 and ν1 agree on the set of bounded variables. Moreover,
since ν1 ⊕ ν2 ∈ Sat(G), ν1 ⊕ ν2 induces an ordering of the upper and lower variables
in Var ∪ Var′ which is consistent with the constraints of G. Also, by definition of �G,
ν′1 induce the same ordering of the upper and lower variables in Var as ν1, with the fol-
lowing additional constraint: the distance between the values of two consecutive (upper
and lower) variables u, v in Var such that G 6|= u = v or the distance between a lower
(resp., upper variable) and MIN (resp, MAX) is greater than that associated with ν1.
Hence, the existence of a valuation ν′2 such that ν′1 ⊕ ν′2 ∈ Sat(G) and satisfying the
above additional constraint w.r.t. ν2 (i.e., ensuring ν′2 �G ν2) easily follows. ut

For two valuations ν : V → Z and ν′ : V ′ → Z such that V ∩ V ′ = ∅, ν ] ν′ denotes
the unique valuation over V ∪ V ′ extending both ν and ν′.

Lemma 9 (Pumping lemma). Assume that S /∈ T C. Let ν : Var → Z and ν′ : (Var \
Unc) → Z be valuations such that ν ⊕ ν′ is a solution of the restriction of G to Var ∪
(Var′ \Unc′). Then, for each valuation ν0 : Unc→ Z such that ν′ ] ν0 ∈ Sat(GVar), ν′

can be extended to a valuation ν′′ over Var in such a way that: ν ⊕ ν′′ is a solution of
G and ν′′ �G (ν′ ] ν0).
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Proof. Let ν0, ν, and ν′ as in the statement of the lemma. Let U0 = U′0 = MAX and
LN+1 = L′N+1 = MIN. Recall that Unc = {L1, . . . , LL−1, UU+1, . . . , UM} and Unc′ =
{L′1, . . . , L′L−1, U′U+1, . . . , U′M}. LetK ∈ N such thatK ≥ |[ν′]ν0](u)− [ν′]ν0](v)|
for all u, v ∈ Var ∪ Const and K ≥ ∆, where ∆ is the maximum of the set of edge
weights of G. Let ν′0 : Unc → Z be any valuation over Unc such that (w.l.o.g., we
assume that the sets of upper and lower variables are not empty):

1. for all u, v ∈ Unc, G |= u = v implies ν′0(v) = ν′0(u);
2. for all u, v ∈ Unc, G |= u < v implies ν′0(v)− ν′0(u) > K;
3. for each Ui ∈ Unc, ν′0(Ui)− ν′(UU ) > K and ν′0(Ui)− ν(UM ) > K;
4. for each Li ∈ Unc, ν′(LL)− ν′0(Li) > K and ν(L1)− ν′0(Li) > K.

Since G is satisfiable and G |= Li < Uj for all upper variables Uj ∈ Unc and
lower variables Lj ∈ Unc, a valuation ν′0 : Unc → Z satisfying the above conditions
must exist. Since ν′ ] ν0 ∈ Sat(GVar), G |= UU < Uj and G |= Li < LL for all
upper variables Uj ∈ Unc and lower variables Li ∈ Unc, and G |= LL ≤ x ≤ UU for
each x ∈ Var \ Unc, we deduce that ν′′ = ν′ ] ν′0 ∈ Sat(GVar). Moreover, since G is
complete, by definition of �G, we also deduce that ν′′ �G (ν′ ] ν0).

By Lemma 7, G 6|= U′i ≤ Uj and G 6|= Lh ≤ L′k for all upper variables U′i, Uj and
lower variables Lh, L′k in Unc∪Unc′. Moreover, by definition of L and U , we have that
G |= UU = U′U < U′i and G |= L′h < L′L = LL for all upper variables U′i ∈ Unc′ and
lower variables L′h ∈ Unc′. Since G is balanced and complete and by hypothesis ν ⊕ ν′
is a solution of the restriction of G to Var ∪ (Var′ \ Unc′), by construction of K and
Conditions 1–4, it easily follows that ν ⊕ ν′′ is a solution of G, which concludes. ut

Now, we can prove Lemma 2.

Lemma 2. Let S /∈ T C. Then, (q, ν0) ∈ InfS iff there is a finite run π of S from (q, ν0)
of the form π = (q, ν0) . . . (q, ν) . . . (q, ν

′)(q, ν′′) such that ν′′(Var\Unc) = ν(Var\Unc).

Proof. For the right implication ⇒, assume that (q, ν0) ∈ InfS . Hence, there is an
infinite run from (q, ν0) in S. Then, by Lemma 1, the result follows.

For the left implication ⇐, assume that for a valuation ν0 over V ar, there is a
finite run from (q, ν0) of the form π = (q, ν0) . . . (q, ν) . . . (q, ν

′)(q, ν′′) such that
ν′′(Var\Unc) = ν(Var\Unc). Let us consider the suffix run of π, (q, ν) . . . (q, ν′)(q, ν′′),
where ν′′(Var\Unc) = ν(Var\Unc). Since ν′ ⊕ ν′′(Var\Unc) is a solution of the restriction of G
to Var∪ (Var′ \Unc′), ν ∈ Sat(GVar), and ν = ν′′(Var\Unc)]νUnc, by Lemma 9, ν′′(Var\Unc)
can be extended to a valuation ν′′′ over Var such that ν′′′ �G (ν′′(Var\Unc) ] νUnc) = ν

and ν′ ⊕ ν′′′ is a solution of G. It follows that there is a finite run π′ in S of the
form π′ = (q, ν0) . . . (q, ν) . . . (q, ν

′)(q, ν′′′) where ν′′′ �G ν. By applying repeatedly
Lemma 8, we obtain that there is an infinite run from (q, ν0) in S, which concludes. ut

B.2 Detailed proof of Theorem 3

Theorem 3. Let S /∈ T C. Then, InfS is MG representable and one can construct a
MG representation of InfS , written σ(S), such that: (1) bσ(S)cK can be computed in
polynomial time, and (2) bσ(S)cK = bσ(bScK)cK (bScK is simple and bScK /∈ T C).
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Proof. By Theorem 2, one can compute a finite set PS of non-null finite paths of S
from q to q such that for each non-null finite path ℘′ of S from q to q, there is a path
℘ ∈ P so that ℘′ implies ℘. Note that given ℘ ∈ P , the transitional MGG℘ (which
characterizes the reachability relation ℘) has the form G • . . . •G︸ ︷︷ ︸

k times

for some k ≥ 1.

Let G=,S be the transitional MG (depending on S) corresponding to the GC given by∧
x∈Var\Unc

x′ = x. Moreover, let GS be the set of transitional MG given by

GS = {G℘ • (G℘′
⊗

G=,S) | ℘, ℘′ ∈ P} ∪ {G℘
⊗

G=,S | ℘ ∈ P}

Then, σ(S) = {σ(S)q′}q′∈{q0,q} is defined as follows: the q-component σ(S)q and the
q0-component σ(S)q0 of σ(S) are the finite sets of MG over Var and Const given by:

σ(S)q = {G′ | G′ is the projection of G′′ over Var for some G′′ ∈ GS}

σ(S)q0 = {G′ | G′ is the projection of G0 •G′′ over Var for some G′′ ∈ GS}

Correctness of the construction easily follows from Lemma 2. Now, we prove Property 1
in the statement of the theorem. By Definition 4, for all transitional MG G′ and G′′,
G′ •G′′ = G′ •G′′. Thus, σ(S)q and σ(S)q0 can be rewritten as:

σ(S)q = {(G′ )Var | G′ ∈ GS} and σ(S)q0 = {(G0 •G′)Var | G′ ∈ GS}

Thus, by Propositions 3 and 4, we obtain

bσ(S)qcK = {(bG′ cK)Var | G′ ∈ bGScK} (3)

bσ(S)qcK = {(bbG0cK •G′cK)Var | G′ ∈ bGScK} (4)

Now, let us consider the set bGScK . Since G is idempotent, by Proposition 4, we
obtain that for each ℘ ∈ P , bG℘cK = bGcK . Moreover, by Proposition 7 in Ap-
pendix A.2, bG℘

⊗
G=,ScK = bbGcK

⊗
bG=,ScKcK= bG

⊗
G=,ScK . Thus, apply-

ing again Proposition 4, we obtain

bGScK = {bG • (G
⊗

G=,S)cK , bG
⊗

G=,ScK} (5)

By equalities 3–5, Property 1 follows. Finally, let us consider Property 2. First, observe
that bScK is a simple GCS and by Definition 10, S /∈ T C iff bScK /∈ T C. Moreover,
the sets of unconstrained variables of S and bScK coincide. Hence, G=,bScK = G=,S .
By Proposition 7 in Appendix A.2 and Proposition 4, we obtain that bGbScK cK =
bGScK . Thus, by equalities 3–4, bσ(S)cK = bσ(bScK)cK , which concludes. ut

C Proofs from Subsection 3.2

C.1 Detailed proof of Theorem 5

We need an additional result.
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Proposition 10. Let S be a GCS. Then, one can compute a complete GCS, written
C(S), such that [[C(S)]] = [[S]] and the following holds:

1. Q(C(S)) = Q(S) and E(C(S)) = O(E(S) · 2(2|V ar|+|Const|)2); moreover, C(S)
has the same sets of variables and constants as S;

2. bC(bScK)cK = bC(S)cK .

Proof. We need an additional definition. A basic complete transitional MG G is a tran-
sitional MG such that

– the weight of each edge is in {0, 1};
– for all vertices u and v, either G |= uC v or G |= v C u for some C ∈ {<,=}.

Let Gb be the set of basic complete transitional MG. Evidently, Gb is finite and its car-
dinality is bounded by O(2(2|V ar|+|Const|)

2

). Moreover, note that for each transitional
MGG and G′ ∈ Gb, G⊗G′ is complete. Furthermore, Sat(G) =

⋃
G′∈Gb Sat(G⊗G′).

Then, C(S) is obtained from S by replacing each edge q G→q′ with the edges q G⊗G
′

→ q′,
where G′ ∈ Gb. Evidently, [[C(S)]] = [[S]] and Property 1 holds. Note that each G′ ∈ Gb
is K-bounded. Thus, by Proposition 7 in Appendix A.2, we obtain that for each transi-
tional MG G and G′ ∈ Gb, bG⊗G′cK = bbGcK ⊗G′cK . Hence, Property 2 holds as
well, which concludes. ut

Theorem 5. Let S be a GCS and F ⊆ Q(S). Then, InfS,F is MG representable and
one can construct a MG representation of InfS,F , written σF (S), such that:
1. bσF (S)cK can be computed in time O(|E(S)| · |Q(S)|2 · (K + 2)(2|Var|+|Const|)2);
2. bσF (S)cK = bσF (bScK)cK;
3. given q ∈ Q(S) and a K-bounded MG G over Var, checking whether G is in the
q-component of bσF (S)cK can be done in polynomial space.

Proof. We distinguish two cases:

– S is complete: Let PS be the computable finite set of non-null finite paths of S sat-
isfying the statement of Theorem 2, and let FS be the finite set of simple GCS
constructed as follows: S ′ ∈ FS iff S ′ 6∈ T C and S ′ is a simple GCS con-

sisting of two edges of the form (\, s(℘0))
G℘0→ t(℘0) and s(℘)

G℘→t(℘) such that
℘0, ℘ ∈ PS and s(℘) = t(℘) ∈ F . By Theorem 3, for each S ′ ∈ FS one
can compute a MG representation GS′,in(S′) (resp., GbS′cK ,in(S′)) of Inf (\,in(S

′))
S′

(resp., Inf (\,in(S
′))

bS′cK ), where (\, in(S ′)) is the initial control point of S ′. Moreover,
bGS′,in(S′)cK = bGbS′cK ,in(S′)cK . Then, σF (S) is given by

σF (S) = {
⋃

{S′∈FS |in(S′)=q}

GS′,in(S′)}q∈Q(S)

.
By Theorems 2 and 4, and Proposition 6, σF (S) is a MG representation of InfS,F .
Thus, the first part of the theorem holds. Now, let us consider Properties 1–3.
Proof of Property 1: LetFS,K be the set of simple GCS S ′ such that S ′ = bS ′′cK
for some S ′′ ∈ FS . Since bGS′,in(S′)cK = bGbS′cK ,in(S′)cK for each S ′ ∈ FS ,
we obtain
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bσF (S)cK = {
⋃

{S′∈FS,K |in(S′)=q}

bGS′,in(S′)cK}q∈Q(S)

Since for each S ′ ∈ FS,K , bGS′,in(S′)cK can be computed in polynomial time
in the size of S ′ (Theorem 3), it suffices to show that FS,K can be computed in
time O(|E(S)| · |Q(S)|2 · (K + 2)(2|Var|+|Const|)2). On the other hand, this last
condition holds since: (i) for a GCS S ′, S ′ is simple iff bS ′cK is simple, (ii)
for a simple GCS S ′′, S ′′ /∈ T C iff bS ′′cK /∈ T C, (iii) by Theorem 2, the set
{(bG℘cK , s(℘), t(℘)) | ℘ ∈ PS and bG℘cK is satisfiable} coincides with the
set GKS = {(bG℘cK , s(℘), t(℘)) | ℘ is a non-null finite path of S and bG℘cK is
satisfiable}, and (iv) by Theorem 1, the set GKS can be computed in timeO(|E(S)| ·
|Q(S)|2 · (K + 2)(2|Var|+|Const|)2). Thus, Property 1 holds.

Proof of Property 2: Since bScK is complete as well, it suffices to show that
FS,K = FbScK ,K . By the proof of Property 1, for each GCS S ′, S ′ ∈ FS,K iff
S ′ is a simple GCS not belonging to T C which consists of two edges of the form

s(℘)
bG℘cK→ t(℘) and (\, s(℘0))

bG℘0
cK→ t(℘0) such that ℘0 and ℘ are non-null finite

paths of S and s(℘) = t(℘) ∈ F . For a path ℘ = q0
G0→q1

G1→ . . . of S, we denote by

b℘cK the sequence ℘ = q0
bG0cK→ q1

bG1cK→ . . .. Note that b℘cK is a path of bScK .

FS,K ⊆ FbScK ,K : let S ′ ∈ FS,K . Then, there are two non-null finite paths ℘0, ℘ of
S such that s(℘) = t(℘) ∈ F , S ′ is a simple GCS not in T C, and S ′ consists of the

edges (\, s(℘0))
bG℘0cK→ t(℘0) and s(℘)

bG℘cK→ t(℘). By definition of bScK , b℘0cK
and b℘cK are paths of bScK . Moreover, by Proposition 4 and associativity of •,
bG℘0cK = bGb℘0cK cK and bG℘cK = bGb℘cK cK . It follows that S ′ ∈ FbScK ,K .

FbScK ,K ⊆ FS,K : let S ′ ∈ FbScK ,K . Then, there are two non-null finite paths
℘0, ℘ of bScK such that s(℘) = t(℘) ∈ F , S ′ is a simple GCS not in T C, and S ′

consists of the edges (\, s(℘0))
bG℘0

cK→ t(℘0) and s(℘)
bG℘cK→ t(℘). By definition of

bScK , there are two non-null finite paths ℘′0, ℘
′ of S ′ such that b℘′0cK = ℘0 and

b℘′cK = ℘. Moreover, by Proposition 4 and associativity of •, bG℘0
cK = bG℘′0cK

and bG℘cK = bG℘′cK . It follows that S ′ ∈ FS,K .

Proof of Property 3: We outline a NPSPACE algorithm to check whether for a
given q ∈ Q(S) and K-bounded MG G over Var, G is in the q-component of
bσF (S)cK . Since NPSPACE=PSPACE (by Savitch’s theorem), the result follows.
At each step, the nondeterministic algorithm guesses two non-null finite paths ℘0

and ℘ of S, and compute the GCS S ′ having the edges (\, s(℘0))
bG℘0

cK→ t(℘0)

and s(℘)
bG℘cK→ t(℘). The algorithm keeps in memory only the MG bG℘0

cK and
bG℘cK associated with the paths ℘0 and ℘ generated so far, together with their
source and target control points. If the current GCS S ′ corresponds to a simple
GCS such that S ′ /∈ T C and s(℘) ∈ F (i.e., S ′ ∈ FS,K), and s(℘0) = q and
G ∈ bGS′,in(S′)cK (note that by Theorem 3, this check can be done in polynomial
time in the size of S ′), then the algorithm terminates with success. Otherwise, the
algorithm chooses two edges from control points t(℘0) and t(℘), say t(℘0)

G0→q0
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and t(℘) G→q, computes the MG bbG℘0
cK • bG0cKcK and bbG℘cK • bGcKcK

associated with the currently guessed paths, and re-write the memory by replacing
bG℘0

cK and bG℘cK with bbG℘0
cK •bG0cKcK and bbG℘cK •bGcKcK , and t(℘0)

and t(℘) with q0 and q, and the procedure is repeated.
– S is not complete: we can assume that the theorem holds for complete GCS. By

Proposition 10, one can compute a complete GCS C(S) such that [[C(S)]] = [[S]].
Thus, we set σF (S) to σF (C(S)), and the first part of the theorem holds. Now, let
us consider Properties 1–3.
Proof of Property 1: since bσF (C(S))cK can be computed in time O(|E(C(S))| ·
|Q(C(S))|2 · (K + 2)(2|Var|+|Const|)2), by Proposition 10, it follows that bσF (S)cK
can be computed in time O(|E(S)| · |Q(S)|2 · (K + 2)(2|V ar|+|Const|)

2

).
Proof of Property 2: note that bScK is not complete. Then, bσF (bScK)cK =
bσF (C(bScK))cK (Property 2 holds for complete GCS) = bσF (bC(bScK)cK)cK
(by Proposition 10) = bσF (bC(S)cK)cK (Property 2 holds for complete GCS)
= bσF (C(S))cK = bσF (S)cK . Thus, Property 2 holds.
Proof of Property 3: note that by the proof of Proposition 10, an edge of C(S) is

of the form q
G⊗G′→ q′, where q G→q′ is an edge of S, and G′ is an arbitrary basic

complete transitional MG. Thus, by the proof of Property 3 when S is complete
(see Subsection 3.2), the result easily follows.

This concludes the proof of the theorem. ut

D Proofs from Section 4

D.1 Proof of Theorem 6

Theorem 6. Let S be a GCS over Var and ϕ be a E–GCCTL∗Unb formula over Var.
Then, one can construct in polynomial-time an extension Varext of Var, a GCS Sext
over Varext, and a E–GCCTL∗ formula f(ϕ) over Varext such that: for each state s of
S, one can compute in linear-time a state sext of Sext so that

(G(S), s) |= ϕ if and only if (G(Sext), sext) |= f(ϕ)

Proof. For each x ∈ Var, let xr and xprop be fresh copies of of x. Intuitively, xr is used
as register to keep track of the current value of variable x, and xprop is used as atomic
proposition. Let Varext be the extension of Var with these new variables. Sext is defined
as follows:

– for each y ∈ Var and q ∈ Q(S), let qy be a fresh copy of q. Then, Q(Sext) =
Q(S) ∪

⋃
q∈Q(S)

⋃
y∈Var{qy}.

– E(Sext) is obtained from E(S) by replacing each edge q
ξ→p in E(S) with the

following edges, where y and z range over Var:

• the edges q
ξ∧ξ′→ p and q

ξ∧ξ′→ py , where ξ′ =
∧
x∈Var(x

′
r = xr) ∧ (xprop > 0);

• the edges qz
ξ∧ξ′′→ p and qz

ξ∧ξ′′→ py , where ξ′′ = (z′r = z) ∧ (zprop = 0) ∧∧
x∈Var\{z}(x

′
r = xr) ∧ (xprop > 0).
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Intuitively, the proposition “xprop = 0” is used to mark states in which the cur-
rent value of variable x is stored in the corresponding register xr. Moreover, whenever
“xprop > 0” holds, then the value of register xr is not modified. The formula f(ϕ) is
obtained from ϕ by replacing each occurrence of an unboundedness constraint ξx with
the E–GCCTL∗ path formula f(ξx) = f<(ξx) ∨ f>(ξx), where for each ∼∈ {<,>},
f∼(ξx) is defined as follows:(
�♦(xprop = 0)

)
∧ O�

(
(xprop = 0)→ O

[
(xprop > 0) U ((xprop = 0) ∧ (x ∼ xr))

])
Intuitively, by requiring that the proposition “xprop = 0” holds infinitely often, we

require that the value of register xr of x is changed infinitely often. Furthermore, every
time the register xr is modified, the old value must be > than the current value (or
symmetrically <). Thus, along an infinite run we have an infinite number of updates of
x with larger and larger values (symmetrically, with smaller and smaller values).

Now, we prove the correctness of the construction. For a state (q, ν) of S, an ex-
tension of (q, ν) is a state of Sext of the form (q′, ν′) such that ν′ is an extension of ν,
and: either q′ = q and ν(xprop) > 0 for each x ∈ Var, or for some y ∈ Var, q′ = qy ,
ν(yprop) = 0, and ν(xprop) > 0 for each x ∈ Var \ {y}. An extension of an infinite run
π of S is an infinite run π′ of Sext such that for each i ≥ 0, state π′(i) is an extension
of π(i). A well-formed mapping is a function Υ : N → Var such that: N ⊆ N and for
each x ∈ Var, Υ−1(x) is infinite. Evidently, the following holds:

Claim 1: Let ξx1
, . . . , ξxn

be unboundedness constraints over variables in Var and π be
an infinite run of S. Then, ξx1

∧ . . . ∧ ξxn
holds along π iff there is a well-formed

mapping Υ : N → Var such that for each 1 ≤ i ≤ n, the following holds:

– there is ∼i∈ {<,>} so that for each h ∈ Υ−1(xi), νnext(h)(xi) ∼i νh(xi), where
next(h) is the smaller k > h such that Υ (k) = xi (note that next(h) exists).

Now, we prove the following.

Claim 2: Let ξx1
, . . . , ξxn

be unboundedness constraints over variables in Var, π be
an infinite run of S starting from (q, ν), and (q′, ν′) be an extension of (q, ν). Then,
ξx1
∧ . . . ∧ ξxn

holds along π iff there is an extension π′ of π starting from (q′, ν′)
such that (G(Sext), π′) |= f(ξx1) ∧ . . . ∧ f(ξxn).
Proof of Claim 2:
=⇒) Assume that ξx1 ∧ . . . ∧ ξxn holds along π = (q0, ν0), (q1, ν1), . . ., where
(q0, ν0) = (q, ν). By Claim 1, there is a well-formed mapping Υ : N → Var such
that for each 1 ≤ i ≤ n, the following holds:

A. there is ∼i∈ {<,>} so that for each h ∈ Υ−1(xi), νnext(h)(xi) ∼i νh(xi), where
next(h) is the smaller k > h such that Υ (k) = xi.

Let π′ = (q′0, ν
′
0), (q

′
1, ν
′
1), . . . be the infinite sequence of states of Sext defined as

follows: (q′0, ν
′
0) = (q′, ν′) and for all i > 0,

– q′i = qi if i 6∈ N , and q′i = (qi)Υ (i) otherwise;
– (ν′i)Var = νi and for each x ∈ Var, ν′i(xr) = ν′i−1(x) if Υ (i − 1) = x, and
ν′i(xr) = ν′i−1(xr) otherwise;

– for each x ∈ Var, ν′i(xprop) = 0 if Υ (i) = x, and ν′i(xprop) = 1 otherwise.

28



By construction, Property A above, and definition of Sext, it easily follows that π′ is an
extension of π starting from (q′, ν′) such that (G(Sext), π′) |= f(ξx1) ∧ . . . ∧ f(ξxn).

⇐=) Assume that π′ is an extension of π starting from (q′, ν′) such that (G(Sext), π′) |=
f(ξx1

) ∧ . . . ∧ f(ξxn
). Then, by definitions of Sext and formulas f(ξx1

), . . . , f(ξxn
),

it easily follows the existence of a well-formed mapping Υ : N → Var such that for
each 1 ≤ i ≤ n, Property A above holds. Thus, by Claim 1, the result follows. ut

Now, by using Claim 1, we show the following, hence correctness of the construc-
tion follows (since ϕ is an existential formula, we can assume that ϕ = Eψ1 for some
path formula ψ1).

Claim 3: Let Eψ be a subformula of ϕ. Then, for each state s of S and extension sext
of s, (G(S), s) |= Eψ if and only if (G(Sext), sext) |= f(Eψ)

Proof of Claim 3:
The proof is by structural induction on Eψ. We use the notion of maximal subformula
as defined in Appendix D.3. By induction hypothesis, we can assume that the result
holds for each maximal state subformulas of ψ of the form Eψ′.
=⇒) Assume that (G(S), s) |= Eψ. Then, there is an infinite run π of S starting from
s such that (G(S), π) |= ψ. Let ξx1 , . . . , ξxn be the set of all the unboundedness con-
straints over Var that hold along π. By Claim 2, there is an extension π′ of π starting
from sext such that (G(Sext), π′) |= f(ξx1

) ∧ . . . ∧ f(ξxn
). Since for each suffix (π′)i

of π′, (G(Sext), (π′)i) |= f(ξx1
) ∧ . . . ∧ f(ξxn

) holds as well, and ψ is in positive
normal form (and negation is never used), by a nested structural induction, it easily fol-
lows that for each maximal subformula ψ′ of ψ and i ≥ 0, (G(S), πi) |= ψ′ implies
(G(Sext), (π′)i) |= f(ψ′). Hence, the result follows.
⇐=) Assume that (G(Sext), sext) |= f(Eψ). Then, there is an infinite run π′ of Sext
starting from sext such that (G(Sext), π′) |= f(ψ). By definition of Sext, it easily follow
that π′ is an extension of some infinite run π of S starting from s. Let ξx1

, . . . , ξxn

be the set of all the unboundedness constraints over Var such that (G(Sext), π′) |=
f(ξx1

) ∧ . . . ∧ f(ξxn
). By Claim 2, ξx1

, . . . , ξxn
hold along π. Since for each suffix

(π′)i of π′, (G(Sext), (π′)i) |= f(ξx1) ∧ . . . ∧ f(ξxn) holds as well, and ψ is in positive
normal form (and negation is never used), by a nested structural induction, it easily
follows that for each maximal subformula ψ′ of ψ and i ≥ 0, (G(Sext), (π′)i) |= f(ψ′)
implies (G(S), πi) |= ψ′. Hence, the result follows. ut

D.2 Undecidability of model checking GCS against A–GCCTL∗

We say that a GCS S is total if for each control point q, the disjunction of all transitional
GC labeling the edges with source q is a valid formula, i.e. every valuation over Var ∪
Var′ satisfies the formula (note that we can effectively check this condition). Note that
in a total GCS S, each state has at least a successor. Let NE–GCCTL∗ be the logic
defined exactly as E–GCCTL∗ with the unique difference that an atomic formula is the
negation of a ∃GC constraint over Var∪ Var′ and Const. Now, we observe that positive
boolean combinations of negations of transitional GC allow to express the successor
relation. For example, x′ = x+ 1 is equivalent to ¬(x′ − x ≥ 2)∧¬(x− x′ ≥ 0), and
x = 0 is equivalent to ¬(x ≥ 1) ∧ ¬(−x ≥ 1). It follows that one can easily encode in
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NE–GCCTL∗ the evolution of a Minsky counter machine. Hence, undecidability of its
satisfiability and model checking (w.r.t. the class of total GCS) problems easily follows.
Now, we observe that over total GCS, NE–GCCTL∗ is the dual of A–GCCTL∗. Hence,
undecidability of model checking DCMS against A–GCCTL∗ follows.

D.3 Proof of Theorem 7

In order to prove Theorem 7, we need additional definitions. Fix a path E–GCCTL∗

formula ψ. A maximal subformula of ψ is a subformula ϑ of ψ such that there is an
occurrence of ϑ in ψ which is not in the scope of path quantifier E.

The closure of ψ, denoted by cl(ψ), is the set containing all the maximal subfor-
mulas of ψ, O(ψ1Uψ2) for each maximal subformula ψ1Uψ2 of ψ, and O(�ψ1) for
each maximal subformula �ψ1 of ψ. Note that ψ ∈ cl(ψ). An (LTL-)atom of ψ is a set
A ⊆ cl(ψ) satisfying the following properties:

– for ψ1 ∨ ψ2 ∈ cl(ψ), ψ1 ∨ ψ2 ∈ A iff either ψ1 ∈ A or ψ2 ∈ A;
– for ψ1 ∧ ψ2 ∈ cl(ψ), ψ1 ∧ ψ2 ∈ A iff ψ1 ∈ A and ψ2 ∈ A;
– for ψ1Uψ2 ∈ cl(ψ), ψ1Uψ2 ∈ A iff either ψ2 ∈ A or {ψ1,O(ψ1Uψ2)} ⊆ A;
– for �ψ1 ∈ cl(ψ), �ψ1 ∈ A iff {ψ1,O�ψ1} ⊆ A.

Let Atoms(ψ) be the set of atoms of ψ. Note that the size of Atoms(ψ) is O(2|ψ|).
When an until-formula ψ1Uψ2 is asserted at a state along a run of the given GCS, we
must make sure that the liveness requirement ψ2 is eventually satisfied. This is done (as
for LTL) using a generalized Büchi condition having a component for each until formula
in cl(ψ). Formally, we denote by F(ψ) the family of subsets of Atoms(ψ) defined as:
F(ψ) = {Fψ1Uψ2

}ψ1Uψ2∈cl(ψ), where for each until formula ψ1Uψ2 ∈ cl(ψ), Fψ1Uψ2

contains all and only the atoms A such that either ψ2 ∈ A or ψ1Uψ2 /∈ A. Now, we
give a detailed proof of Theorem 7.

Theorem 7. Given a GCS S and a E–GCCTL∗ formula ϕ, [[ϕ]]S is MG representable
and one can construct a MG representation of [[ϕ]]S , written π(S, ϕ), such that: (1)
bπ(S, ϕ)cK can be built in timeO(|E(S)|·|Q(S)|2 ·2O(|ϕ|) ·(K+2)O((2|Var|+|Const|)2)),
and (2) for a K-bounded MG G on Var and q ∈ Q(S), checking whether G is in the
q-component of bπ(S, ϕ)cK can be done in space polynomial in the sizes of S and ϕ.

Proof. Fix a GCS S. For a (state) E–GCCTL∗ formula ϕ, we construct π(S, ϕ) and
prove Properties 1–2 by induction on the structure of ϕ. Note that by Proposition 1(3)
and Proposition 2(1) (see also [25]), GC are closed under existential quantification and
quantification elimination can be done in polynomial time. Thus, w.l.o.g. we can assume
that each ∃GC constraint occurring in ϕ is a disjunction of transitional GC. If ϕ is or>
or a conjunction or a disjunction of E–GCCTL∗ formulas, then the result easily follows
from the induction hypothesis, Proposition 2, and Proposition 7 in Appendix A.2. The
remaining case is when ϕ = E ψ for some path formula ψ. Let X (resp., Y ) be the
set of state formulas (resp., atomic formulas) in cl(ψ). By the induction hypothesis, we
can assume that the result holds for each formula in X . We construct two GCS Sϕ
and Sbdϕ with set of control points Q(S) × Atoms(ψ) × {0, . . . , |F(ψ)|} and a subset
F ⊆ Q(Sϕ) such that:
Claim 1: (q, ν) ∈ [[ϕ]]S iff ((q, A, 0), ν) ∈ InfSϕ,F for some atom A such that ψ ∈ A.
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Claim 2: Sbdϕ can be built in timeO(|E(S)|·|Q(S)|2 ·2O(|ϕ|) ·(K+2)O((2|Var|+|Const|)2))

starting from S and {bπ(S, θ)cK | θ ∈ X}. Moreover, Sbdϕ = bSϕcK .

Sϕ, Sbdϕ , and F are constructed as follows, where F(ψ) = {F1, . . . , Fm}:

1. Q(Sϕ) = Q(Sbdϕ ) = Q(S)× Atoms(ψ)× {0, . . . ,m}. A control point of Q(Sϕ)
and Q(Sbdϕ ) is a triple (q, A, i), where q is a control point of S, A is an atom of ψ,
which intuitively represents the set of maximal subformulas of ψ that hold at the
current state (with control point q) of the current infinite run of S, and i is a finite
counter used to check the fulfillment of the generalized Büchi condition F(ψ).

2. (q,A, i)
G→(q′, A′, j) is an edge of Sϕ (resp., Sbdϕ ) iff the following holds:

2.1. for all Oψ′ ∈ cl(ψ), Oψ′ ∈ A iff ψ′ ∈ A′ (i.e., the next-requirements in A are
met in A′);

2.2. j = i if i < m and A′ /∈ Fi+1, and j = (i+ 1)mod (m+ 1) otherwise;
2.3. let A ∩X = {θ1, . . . , θk} and A ∩ Y = {ξ1, . . . , ξh}. Then, there are an edge

of S of the form q
G0→q′ and for each 1 ≤ p ≤ k, a MG Gp belonging to the

q-component of π(S, θp) (resp., the q-component of bπ(S, θp)cK) such that

G = G0 ⊗G1 ⊗ . . .⊗Gk ⊗G(ξ1)⊗ . . .⊗G(ξh)

(resp.,G = bbG0cK ⊗G1 ⊗ . . .⊗Gk ⊗ bG(ξ1)cK ⊗ . . .⊗ bG(ξh)cKcK)

3. F = {(q,A,m) ∈ Q(Sϕ)}.

Now, by using Claims 1 and 2 (which are proved below), we construct a MG repre-
sentation π(S, ϕ) of [[ϕ]]S and show that it satisfies Properties 1 and 2 in the statement of
the theorem. Let σF (Sϕ) be the computable MG representation of InfSϕ,F satisfying the
statement of Theorem 5. Then, for each q ∈ Q(S), the q-component of π(S, ϕ) is the
union of the (q, A, 0)-components of σF (Sϕ) such that ψ ∈ A. By Claim 1, it follows
that π(S, ϕ) is a computable MG representation of [[ϕ]]S . By Claim 2, Sbdϕ = bSϕcK ,
hence, by Property 2 of Theorem 5, bσF (Sϕ)cK = bσF (Sbdϕ )cK . Thus, since Q(Sbdϕ )

has cardinality bounded by |Q(S)| · 2O(|ϕ|) and E(Sbdϕ ) has cardinality bounded by
|E(S)| · 2O(|ϕ|) · (K+2)(2|Var|+|Const|)2 (the MG of Sbdϕ are K-bounded), by Property 1
of Theorem 5, and Claim 2, Property 1 follows. Now, let us consider Property 2. By
the induction hypothesis, we can assume that Property 2 holds for each formula in X .
Moreover, by the above considerations, it suffices to show that given a K-bounded MG
G over Var and q ∈ Q(Sbdϕ ), checking whetherG is in the q-component of bσF (Sbdϕ )cK
can be done in space polynomial in the sizes of S and ϕ. By Property 3 of Theorem 5,
this check can be done in space polynomial in the size of Sbdϕ . However, we can do
better as follows. In fact, as illustrated in the proof of Theorem 5, the nondeterministic
algorithm that checks whether G is in the q-component of bσF (Sbdϕ )cK keeps in mem-
ory only the K-bounded MG bG℘0

cK and bG℘cK associated with the guessed two
non-null finite paths ℘0 and ℘ generated so far, together with their source and target
control points. If the successful termination condition is not satisfied, then:

(a) the algorithm chooses two edges e0 and e of Sbdϕ from control points t(℘0) and
t(℘), and
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(b) computes the K-bounded transitional MG associated with the new guessed paths
℘0 · e0 and ℘ · e.

Now, by definition of Sbdϕ , the K-bounded transitional MG labeling the edge e0 (resp.,
e) depend on the MG belonging to the s(e0)-component (resp., s(e)-component) of
bπ(S, θ)cK , where θ ∈ X . Then, we modify part (a) of the algorithm as follows:

(a’) the algorithm guesses two edges e0 and e from control points t(℘0) and t(℘) whose
labels are K-bounded transitional MG, and check that e0 and e are indeed edges of
Sbdϕ . If the check is negative, then the algorithm terminates unsuccessfully. Other-
wise, the algorithm performs part (b).

Now, the crucial observation is that by the induction hypothesis, the check in (a’) can
be done in space polynomial in the sizes of S and the state subformulas θ ∈ X . Hence,
the nondeterministic algorithm runs in space polynomial in the sizes of S and ϕ. Since
NPSPACE=PSPACE , Property 2 follows.

It remains to prove Claims 1 and 2. Claim 2 easily follows from construction, the
induction hypothesis, and Proposition 7 in Appendix A.2. Now, we prove Claim 1.
Proof of Claim 1: =⇒) Let (q, ν) ∈ [[ϕ]]S (recall that ϕ = E ψ). We need to prove
that ((q, A, 0), ν) ∈ InfSϕ,F

for some A ∈ Atoms(ψ) such that ψ ∈ A. By hypothesis
there is an infinite run π of S of the form π = (q0, ν0), (q1, ν1), . . . such that (q0, ν0) =
(q, ν) and (G(S), π) |= ψ. For each i ≥ 0, we denote by Ai the set {ψ′ ∈ cl(ψ) |
(G(S), πi) |= ψ′}. Note that Ai is an atom of ψ for each i ≥ 0, and ψ ∈ A0. Moreover,
let h0, h1, . . . be the infinite sequence of integers in {0, . . . ,m} defined as follows:
h0 = 0, and for all i ≥ 0, hi+1 = hi if hi < m and Ai+1 /∈ Fhi+1, and hi+1 =
(hi + 1) mod (m + 1) otherwise. Let us consider the infinite sequence of states of Sϕ
given by πϕ = ((q0, A0, h0), ν0), ((q1, A1, h1), ν1), . . .. We show that πϕ is an infinite
run of Sϕ such that for infinitely many i ≥ 0, (qi, Ai, hi) ∈ F , hence the result follows
(recall that h0 = 0 and ψ ∈ A0).

By the semantics of the until operator it follows that for each until formula ψ1Uψ2 ∈
cl(ψ), the set {i ≥ 0 | either ψ2 ∈ Ai or ψ1Uψ2 /∈ Ai} is infinite. Therefore, by
definition of the sets F(ψ) and F , it follows that πϕ contains infinite occurrences
of states whose corresponding control points belong to F . It remains to show that
for each i ≥ 0, ((qi, Ai, hi), νi) → ((qi+1, Ai+1, hi+1), νi+1) is an edge of [[Sϕ]].
Let us consider the infinite run π and fix i ≥ 0. Then, there is an edge of S of the

form qi
Gi

0→qi+1 such that νi ⊕ νi+1 ∈ Sat(Gi0). Let Ai ∩ X = {θi1, . . . , θiki} and
Ai∩Y = {ξi1, . . . , ξili}. By definition ofAi, (G(S), (qi, νi)) |= θip for each 1 ≤ p ≤ ki,
and νi ⊕ νi+1 ∈ Sat(G(ξip)) for each 1 ≤ p ≤ li. Hence, for each 1 ≤ p ≤ ki, there is
a MG Gip such that Gip belongs to the qi-component of π(S, θip) and νi ∈ Sat(Gip). Let
Gi = Gi0 ⊗ Gi1 ⊗ . . . ⊗ Giki ⊗ G(ξ

i
1) ⊗ . . . ⊗ G(ξili). By definition of Sϕ, it follows

that (qi, Ai, hi)
Gi

→(qi+1, Ai+1, hi+1) is an edge of Sϕ. Since νi ⊕ νi+1 ∈ Sat(Gi), the
result follows.

⇐=) Let ((q, A, 0), ν) ∈ InfSϕ,F such that ψ ∈ A. We need to show that (q, ν) ∈ [[ϕ]]S
(recall that ϕ = E ψ). By hypothesis there is an infinite run πϕ of Sϕ of the form πϕ =
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((q0, A0, h0), ν0), ((q1, A1, h1), ν1), . . . such that ((q0, A0, h0), ν0) = ((q, A, 0), ν)
and for infinitely many i ≥ 0, (qi, Ai, hi) ∈ F . For each i ≥ 0, let Ai ∩ X =
{θi1, . . . , θiki} and Ai ∩ Y = {ξi1, . . . , ξili}. By definition of Sϕ, for each i ≥ 0, there is

an edge of S of the form qi
Gi

0→qi+1 and for each 1 ≤ p ≤ ki, there is a MG Gip belong-
ing to the qi-component of π(S, θip) such that νi ⊕ νi+1 ∈ Sat(Gi0) and νi ∈ Sat(Gip)
for each 1 ≤ p ≤ ki. Moreover, νi ⊕ νi+1 ∈ Sat(G(ξip)) for each 1 ≤ p ≤ li. In
particular, π = (q0, ν0), (q1, ν1), . . . is an infinite run of S starting from (q, ν). Since
ψ ∈ A0 = A, it suffices to show that for all i ≥ 0 and ψ′ ∈ Ai, (G(S), πi) |= ψ′.
We prove this by structural induction on ψ′. The induction step can be proved in the
standard way. Therefore, we analyze only the cases in which either ψ′ is an atomic for-
mula (i.e., ψ′ ∈ Y ) or ψ′ is a state formula (i.e, ψ′ ∈ X). For the first case, assume
that ψ′ ∈ Y ∩ Ai. Then, ψ′ = ξip for some 1 ≤ p ≤ li. Since νi ⊕ νi+1 ∈ Sat(G(ξip)),
we obtain that (G(S), πi) |= ψ′. For the second case, assume that ψ′ ∈ X ∩ Ai. Then,
ψ′ = θip for some 1 ≤ p ≤ ki. Hence, νi ∈ Sat(Gip), where Gip belongs to the qi-
component of π(S, θip). Since π(S, θip) is a MG representation of [[θip]]S , we obtain that
(G(S), πi) |= ψ′, which concludes. ut

D.4 Proof of Theorem 8

Theorem 8. Model checking GCS against E–GCCTL∗ and satisfiability of E–GCCTL∗

and A–GCCTL∗ are PSPACE-complete.

Proof. The lower bounds directly follow from PSPACE-hardness of model checking
and satisfiability for the existential and universal fragments of standard CTL∗ (see, e.g.,
[21]). Now, let us consider the upper bounds.

Upper bound for model checking GCS against E–GCCTL∗: the proof is by a linear-
time reduction to the problem of checking for a given GCS S, control point q, and
E–GCCTL∗ formula ϕ, whether (G(S), (q, ν)) |= ϕ for some valuation ν over Var (by
Theorem 7, this last problem is in PSPACE). Fix a GCS S, a state (q0, ν0) of S, and a
E–GCCTL∗ formula ϕ. W.l.o.g. we assume that ϕ does not contain occurrences of >.
Moreover, we can assume that ν0(x) ∈ Const for each x ∈ Var (otherwise, we extend
Const by including the integers ν0(x) with x ∈ Var). Let G= be the transitional MG
corresponding to the GC given by

∧
x∈Var

x = ν0(x), and q′0 /∈ Q(S) be a fresh control

point. We construct a new GCS S0 as follows: S0 is obtained from S by adding for
each edge of S of the form q0

G→q, the edge q′0
G⊗G=→ q. We claim that (q0, ν0) ∈ [[ϕ]]S

iff (q′0, ν) ∈ [[ϕ]]S0 for some valuation ν over Var, hence the result follows. The claim
directly follows from the following facts, which can be easily proved:

1. Let T and T0 be the unwindings of [[S]] and [[S0]] starting from (q0, ν0) and (q′0, ν0),
respectively. If we replace the label (q′0, ν0) of the root of T0 with the label (q0, ν0),
then the resulting labeled tree is isomorphic to T .

2. For a valuation ν over Var such that ν 6= ν0, (q′0, ν) has no successors in [[S0]].
Hence, (q′0, ν) /∈ [[ϕ]]S0 .
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Upper bound for satisfiability of E–GCCTL∗: by a linear-time reduction to the prob-
lem of checking for a given GCS S, control point q, and E–GCCTL∗ formula ϕ,
whether (G(S), (q, ν)) |= ϕ for some valuation ν over Var. Let S0 be the GCS having
a unique edge of the form q

G→q such that G is equivalent to true. Evidently, given a
E–GCCTL∗ formula ϕ, ϕ is satisfiable iff (G(S0), (q, ν)) |= ϕ for some valuation ν
over Var.
Upper bound for satisfiability of A–GCCTL∗: in fact, we consider satisfiability of
A–GCCTL∗ restricted to the class of labeled graphs admitting at least an infinite path
(without this restriction, by the semantics of the universal path quantifier, each A–GCCTL∗

formula would be satisfiable). Formally, an A–GCCTL∗ formula ϕ is strongly satisfi-
able iff (G, s) |= ϕ for some labeled graph G and state s of G such that there is some
infinite path of G from s. The upper bound for the considered problem is shown by a
linear-time reduction to satisfiability of E–GCCTL∗. Let ϕ be a A–GCCTL∗ formula,
and let Eϕ̃ be the E–GCCTL∗ formula, where ϕ̃ is obtained from ϕ by removing each
occurrence of the universal path quantifier. Evidently, ϕ is strongly satisfiable iff Eϕ̃ is
satisfiable. Hence, the result follows. ut
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